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0 Introduction

There are numerous examples of mathematical constructs (objects) and
structure-preserving maps (morphisms) between them. For instance,

objects morphisms

sets functions

groups group homomorphisms
rings ring homomorphisms
modules module homomorphisms
vector spaces linear transformations
topological spaces continuous maps

smooth manifolds smooth maps

partially ordered sets order-preserving functions

A “category” is an abstraction based on this idea of objects and morphisms.
When one studies groups, rings, topological spaces, and so forth, one usually
focuses on elements of these objects. Category theory shifts the focus away
from the elements of the objects and toward the morphisms between the
objects. In fact, the axioms of a category do not require that the objects
actually be sets, so that in general it does not even make sense to speak of
the elements of an object.

One strategy in category theory is to take a standard definition expressed
in terms of elements and reformulate that definition using only morphisms
so that it will make sense in any category. For instance, the trivial group
{e} is by definition the group with the single element e, but it can also
be characterized (up to isomorphism) by the property that for each group
there is a unique homomorphism from that group to the trivial group. This
generalizes to the notion of “terminal object” in an arbitrary category. We
will see many examples where a standard construction can be characterized
as a terminal object (or as an initial object, which is the dual notion) in a
suitable category.

The structure-preserving maps between categories are called “functors.”
They provide a means for studying the ways various categories relate to
each other. In algebraic topology, for instance, one studies the functor from
the category of (pointed) topological spaces to the category of groups that



sends a topological space to its fundamental group and sends a continu-
ous map between topological spaces to a homomorphism between the cor-
responding fundamental groups. This correspondence reveals a good deal
about the structure of topological spaces. The information provided in this
case illustrates the usefulness of functors in general.



1 Definitions and Examples

1.1 Class

In our discussions, we would like to consider such things as the collection C'
of all sets. Unfortunately, it causes problems to call this collection a set. If
it were a set, then we could form the subset s of C' consisting of all those
sets that are not elements of themselves: s = {c¢ € C'| ¢ ¢ c}. But then we
would end up with the paradox that s € s & s ¢ s (Russell’s paradox). To
avoid this, we call C' something else, namely, a class.

For our purposes it will be enough to think of a class as a generalization of
a set. So every set is a class, but there are classes, such as C, that are not
sets. Such classes, called proper classes, can be thought of as large sets (and
then regular sets as small sets). It is taken as a postulate that a proper class
cannot be an element of any class, so the above paradox is avoided.

1.2 Definition of category
A category consists of the following;:

e a class C, the elements of which are called objects,

e for each pair z,y € C, a set C(z,y), the elements of which are called
morphisms from z to y (these sets are assumed to be pairwise dis-
joint),

e for each triple z,y,z € C, a map C(z,y) x C(y,z2) — C(z,z2), called
composition and denoted («, 8) — Ba, such that

(i) (Associativity) v(Ba) = (vB)a for all morphisms «, 3, and ~ for
which the indicated compositions are defined,

(ii) (Identity) for each = € C there exists 1, € C(x,z) such that
l,a0 = o and B1, = B for all morphisms « and 8 for which the
indicated compositions are defined.

Let C be a category (we refer to a category by using the name of its object
class).

For z,y € C, we often express the fact that « is an element of C(z,y) by
writing @ : © — y or  — y, and we call 2 and y the source and target,



respectively, of a. We say “« is a morphism in C” to mean that a € C(z,y)
for some x,y € C.

Let x € C. The morphism 1, of (ii) is unique (for, if 1/, also satisfies the
condition, then 1/, = 1,1, = 1,). This morphism is called the identity
morphism on x.

1.3 Examples

1.3.1 Example Many familiar categories have as object class a collection
of sets with a specified structure, and as morphisms the functions between
the sets that preserve the structure, with morphism composition being usual
composition of functions. Such a category is called a “concrete category.”
(This informal notion will be made rigorous later on.)

The following table lists a few common concrete categories. In general,
function composition is associative, so part (i) of the definition is satisfied.
In each case the role of the identity morphism is played by the identity
function, so part (ii) of the definition is satisfied. The only thing that needs
to be checked in each case is that a composition of morphisms is also a
morphism.

Name Objects Morphisms

Set sets functions

Grp groups homomorphisms

Ab abelian groups homomorphisms

Ring rings with identity homomorphisms sending

identity to identity

Rng rings (no assumed homomorphisms
identity)

Vectr vector spaces over the linear transformations
field F

rMod (left) modules over the R-homomorphisms

ring R (assumed to be

unitary if R has an

identity)

Top topological spaces continuous maps




PTop pointed topological spaces continuous maps sending
distinguished point to
distinguished point
Met metric spaces continuous maps

Man smooth manifolds smooth maps

O]

1.3.2 Example One can use graphs to represent categories, with vertices
representing objects and arrows representing morphisms. The graphs below
represent the categories denoted 1, 2, and 3, respectively. In each case,
there is only one way to define composition of morphisms.
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1.3.3 Example Let P be a set and let < be a preorder on P (so < is
reflexive and transitive). We can regard P as a category with object class P
and with P(z,y) (z,y € P) defined to be the singleton set {x — y} if x <y
and the empty set otherwise. For morphisms « : x — y and 8 : y — z, define
Ba to be the unique morphism fa : x — z (well-defined by transitivity of
the preorder). For z € P, the unique morphism 1, : x — 2 (which exists
since the preorder is reflexive) is an identity morphism on x. O

1.3.4 Example Let n be a nonnegative integer. The set n = {0,1,2,...,
n — 1} with the usual order can be regarded as a category as in Example
1.3.3. The categories 1, 2, and 3 are illustrated in Example 1.3.2. O

1.3.5 Example Let R be a ring with identity. The category Matpg has
as object class the set of nonnegative integers. For objects n and m the
set Matpg(n,m) consists of all m x n matrices over R. Composition of
morphisms is given by matrix multiplication. For an object n, the n x n
identity matrix is an identity morphism on n. (Convention: If either integer
m or n is zero, there is a single m x n matrix called a “zero matrix.” This



extends the definition of a zero matrix (all entries zero). Using the natural
extension of matrix multiplication to this case one finds that a product of
two matrices is zero if either factor is zero. The 0 x 0 identity matrix is, by
definition, the 0 x 0 zero matrix.) O

1.3.6 Example Let M be a monoid (a set with an associative binary
operation having an identity element). The category C)s has a single object
e and C)y(e, @) is defined to be M. Composition of morphisms is given by
the multiplication in M. The identity morphism 1, is the identity element
of M. O

1.3.7 Example Let C be a category and let ¢ be a fixed object of C.
The category (¢ | C) has as objects all morphisms ¢ — z with z € C.
For objects o : ¢ — x and 8 : ¢ — y the set (¢ | C)(«a, ) consists of all
morphisms v :  — y in C such that the following diagram is commutative:

(To say that a diagram such as this is commutative is to say that the com-
positions of morphisms along every path from one object to another yield
the same result. In this case this simply means that § = ya.) Composition
of morphisms in this category is given by the composition in the category
C. O

1.4 Subcategory

Let B and C' be a categories. The category B is a subcategory of C' if

e B C (), that is, every object of B is an object of C,
e for each x,y € B we have B(z,y) C C(z,y),
e composition in B is the same as composition in C,

e for each x € B the identity morphism 1, in B equals the identity
morphism 1, in C.



A subcategory B of a category C'is full if for each =,y € B we have B(z,y) =
C(x,y). Any subcollection of objects of a category C are the objects of a
uniquely defined full subcategory of C.

1.4.1 Example Ab is a full subcategory of Grp. O

1.4.2 Example Ring isasubcategory of Rng. However, this subcategory
is not full. Indeed, the zero map Z — Z is a morphism in Rng but not in
Ring since it does not send 1 to 1. ]

1.4.3 Example In the category Vectr (F' a field), we can form the full
subcategory FVect p of all finite-dimensional vector spaces (with all possible
linear maps between them as morphisms). ]

1 — Exercises

1-1 Let X and Y be sets. A relation from X to Y is a subset R of X xY.
If R is a relation from X to Y, then for x € X and y € Y we write xRy to
mean (z,y) € R.

Let C be the class of all sets. For sets X and Y, let C(X,Y) be the set of
all relations from X to Y. For sets X, Y, Z, and relations R € C(X,Y),
S € C(Y,Z), define a relation SR € C(X,Z) by putting z(SR)z if and
only if xRy and ySz for some y € Y. Prove that C with morphisms and
composition so defined is a category.



2 Generalizations of Injective and Surjective

Let f: X — Y be a function.

e The function f is injective if f(x) = f(2/) = z =2 (z,2' € X).

e The function f is surjective if for each y € Y there exists ¢ € X such
that f(z) =v.

e The function f is a bijection if it is both injective and surjective.

These definitions are given in terms of elements, so they cannot be applied to
a morphism in an arbitrary category. We begin by introducing the notions
monic morphism and split monic morphism. The definitions involve only
objects and morphisms and hence make sense in any category. We will see
that they are equivalent to injective function in the category Set, or rather
just nearly so in the case of split monic morphism (see Theorem 2.2.5).

Similarly, the notions epic morphism and split epic morphism defined below
make sense in any category. They are equivalent to surjective function in
the category Set.

Finally, we study the notions bimorphism (monic and epic) and isomorphism
(split monic and split epic) and see that they coincide with bijection in the
category Set.

2.1 Monic

Let C be a category. A morphism « : £ — y in C is monic if, in the

situation
B1

S (e}
R—e—=T—Y,

B2

afi = afs implies 1 = P2. In other words, a morphism is monic if it can
always be canceled on the left.

A morphism in a concrete category is a function between underlying sets,
so the notion of injective morphism makes sense in any concrete category.

2.1.1 Theorem. In a concrete category, every injective morphism is mon-
ic.



Proof. Let C be a concrete category and let a : X — Y be an injective
morphism in C. Let 81,82 : Z — X be morphisms in C' and assume that
afy = afy. For each z € Z we have a(f1(2)) = afi(z) = afa(z) = a(f2(2))
so that f1(z) = Ba(z) since « is injective. Therefore 51 = 2 and we conclude
that « is monic. O

The converse of the preceding theorem does not hold as the following exam-
ple shows.

2.1.2 Example (Monic but not injective in Div) An (additive) abelian
group A is divisible if for each a € A and nonzero n € Z there exists b € A
such that a = nb. Let C' = Div be the full subcategory of Grp having the
divisible groups as objects. The groups Q and Q/Z are objects of C' and
the canonical epimorphism « : Q — Q/Z is not injective, but we claim that
« is monic.

Let 81,82 : A — Q be morphisms in C' and assume that 81 # (2. Then
Bi(a) — P2(a) = r/s for some a € A and 0 # r,s € Z. Since A is divisible,
there exists b € A such that a = nb, where n = 2r. Then

nlB1(6) — Ba(B)] = Br(nb) — Ba(nb) = .

so (1(b) — B2(b) = 1/(2s) ¢ Z. Therefore, aff; # a3 and the claim follows.
O

However, the following theorem gives a few common concrete categories in
which the notions injective and monic coincide.

2.1.3 Theorem. In the categories Set, Top, Grp, and Rng a morphism
1s injective if and only if it is monic.

Proof. Theorem 2.1.1 gives one direction in each case.

(Set) Let @ : X — Y be a monic morphism in Set. Let x;,22 € X and
assume that a(z1) = a(z2). Set z =0 € Z and put Z = {z} (or, in fact, Z
could be any singleton set) and define f1, 52 : Z — X by Bi(z) = ;. Then

afi(z) = a(f1(2)) = a(z1) = a(z2) = a(Ba(2)) = aba(2),
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implying af; = afs. Since « is monic, we get 81 = [2 so that z1 = 51(z) =
B2(z) = x9. Therefore, « is injective.

(Top) The proof just given works in this case as well. One just needs to
note that Z = {z} can be given the discrete topology (which is in fact the

only possible topology) and then the functions f; are continuous and hence
morphisms.

(Grp) Let @ : G — H be a monic morphism in Grp. Let K be the kernel
of v and let 51 : K — G and 82 : K — G be the inclusion map and the
trivial map, respectively. Then a1 = afs since each side equals the trivial
map K — H. Since « is monic, it follows that $; = B2, which is to say that
the inclusion map K — G is trivial. This forces K to be trivial, which says
that « is injective.

(Rng) The proof just given works in this case as well. O

2.2 Split monic

Let C be a category. A morphism « : z — y in C is split monic if there
exists a morphism S : y — x such that Sa = 1,. This can be depicted as

follows:
3B

The solid arrows are given and the definition asserts the existence of a dotted
arrow as indicated such that the resulting diagram is commutative. (A split
monic morphism is sometimes called a “section.”)

Put more succinctly, to say that a morphism is split monic is to say that it
has a left inverse.

The following theorem justifies the terminology.

2.2.1 Theorem. Every split monic morphism is monic.

Proof. Let o : x — y be a split monic morphism in C, so that there exists
a morphism 8 : y — x in C such that fa = 1,. Let 81,82 : z = z be
morphisms in C' and assume that a8; = af52. Then

p1 =161 = paB = Bafs = 1,2 = Po,

implying that a is monic. O

11



2.2.2 Theorem. In a concrete category every split monic morphism is
injective.

Proof. Let C' be a concrete category and let o : X — Y be a split monic
morphism in C, so that there exists a morphism S : Y — X such that
fa=1x. Let x1,29 € X and assume that o(z1) = a(z2). Then

x1 = 1x(z1) = Pa(z1) = Bla(x1)) = Bla(xz)) = Ba(xz) = 1x(x2) = x9,

implying that « is injective. O

The converse of the preceding theorem does not hold.

2.2.3 Example (Injective but not split monic in Grp and Rng) The in-
clusion map a : 2Z — Z is an injective morphism in the category Grp. We
claim that « is not split monic. Suppose to the contrary that there exists a
morphism 3 : Z — 2Z such that fa = 1az. Then 26(1) = B(2) = f(a(2)) =
Ba(2) = 2, so that B(1) = 1 contradicting that 8 maps into 2Z. Therefore,
« is injective but not split monic.

The same argument shows that « is injective but not split monic in the
category Rng. O

2.2.4 Example (Injective but not split monic in Top) Let o« : R — R
be the identity map, where the domain has the discrete topology and the
codomain has the usual topology. Then « is an injective morphism in the
category Top. Suppose that there exists a morphism £ : R — R such that
fa = 1g. Then f = flgr = Ba = 1r. However, the set {0} is open in
R with the discrete topology, but its inverse image under (3, which is also
{0}, is not open in R with the usual topology. This contradicts that /3 is
continuous. We conclude that « is injective but not split monic. O

The following theorem shows that the notions split monic morphism and
injective morphism nearly coincide in the category Set. It says that the
only maps for which the two notions do not coincide are the rather trivial
empty maps ) — Y with Y nonempty, which are injective but not split
monic.

12



2.2.5 Theorem. Let a: X — Y be a morphism in the category Set. The
following are equivalent:

(i) « is split monic,

(i) « is injective and X = () implies Y = (.

Proof. (i = ii) Assume that (i) holds. Then « is injective by Theorem 2.2.2.
By assumption, there exists 8:Y — X such that Ba = 1x. If X = (), then
Y = () as well, since 3 is a function.

(ii = 1) Assume that (ii) holds. If X = (), then Y = () as well and the
empty function 8 : Y — X satisfies fa = 1x. Assume that X # 0, so
that there exists some zp € X. Since « is injective, for each y € im « there
exists a unique element f(y) € X such that a(5(y)) = y. This defines a
function 8 : im o — X, which we extend to a function 8 : Y — X by putting
B(y) =z for y ¢ ima. For x € X, we have fa(z) = f(a(zr)) =z = 1x(z),
so fa = 1x. Therefore, « is split monic. O

In summary, according to Theorems 2.2.2 and 2.1.1 we have the following
relationships in a concrete category:

split monic = injective = monic.

Moreover, Examples 2.2.3 and 2.1.2 show that no two of these notions coin-
cide in general. In an arbitrary category the middle term is no longer defined
(which is what the italics are intended to indicate), but if it is deleted the
resulting implication is still valid by Theorem 2.2.1.

In the full subcategory of Set consisting of all nonempty sets the three
notions coincide by Theorems 2.1.3 and 2.2.5.

2.3 Epic

Let C be a category. A morphism « : x — y in C' is epic if, in the situation
a B1
r—y_—_—=z,
B2
Bia = PBoa implies B1 = P2. In other words, a morphism is epic if it can
always be canceled on the right.

13



This definition is “dual” to that of monic morphism, meaning that it is the
same except with arrows reversed and the order of the morphisms in each
composition reversed.

2.3.1 Theorem. In a concrete category, every surjective morphism is
epic.

Proof. Let C be a concrete category and let o : X — Y be a surjective
morphism in C. Let 51,82 : Y — Z be morphisms in C and assume that
fra = Paa. Let y € Y. Since « is surjective, we have y = a(z) for some

r € X. Then Bi(y) = fi(a(z)) = fra(z) = faa(r) = B(alz)) = B2(y).

Therefore $1 = 5 and we conclude that « is epic. ]

The converse of the preceding theorem does not hold as the following exam-
ple shows.

2.3.2 Example (Epic but not surjective in Rng) The inclusion map « :
Z — Q is a morphism in Rng that is not surjective. We claim that « is
epic. Let 31, B2 : Q — R be morphisms in Rng and assume that Sia = Soa.
Then (1(n) = p2(n) for every integer n. For n € Z with n # 0 we have

Bi(n™h) =Bi(n~" 1) = Bi(n")Bi(1) = Bi(n™1)Ba(1)
= B1(n")Ba(n)Ba(n") = Bi(n ") Br(n)Ba(n™!) = B1(1)Ba(n™)
= Bo(1)Ba(n™ 1) = Bo(1-n7 1) = Ba(n 1),

so for m,n € Z with n # 0 we have

Bi(m/n) = B1(m)Bi(n~") = Ba(m)Ba(n™") = Ba(m/n).

Hence, 51 = (o, implying that « is epic. So « is an epic morphism in the
category Rng, but it is not surjective. [

However, the following theorem gives a few common concrete categories in
which the notions surjective and epic coincide. (Note that by the preceding
example we cannot include Rng here.)

2.3.3 Theorem. In the categories Set, Top, and Grp a morphism is
surjective if and only if it is epic.

14



Proof. In each case, Theorem 2.3.1 gives one direction.

(Set) Let o : X — Y be a function and assume that « is epic. Let [ :
Y — {0,1} be the characteristic (indicator) function of im« (so 1 (y) is 1
if y € im o and 0 otherwise) and let 82 : Y — {0, 1} be constantly 1. Then
pra = Paar (both sides are constantly 1), so that 51 = (2 since « is epic. It
follows that ima =Y, that is, « is surjective.

(Top) We can proceed as in the proof for the case Set, assuming here that
a: X — Y is a continuous map that is epic, and giving {0, 1} the indiscrete
topology so that 1 and (32 are continuous.

(Grp) Let o : G — H be a group homomorphism that is not surjective. It
suffices to show that « is not epic. Put K = im «. Since « is not surjective,
we have |H : K| > 1.

First assume that |H : K| = 2. Let 51 : H — H/K be the canonical
epimorphism and let 82 : H — H/K be the trivial homomorphism. Then
fia = [oa (since both sides are trivial), but f; # [2 (since K # H).
Therefore, « is not epic.

Now assume that |H : K| > 2. Then there exist two distinct right cosets
K; = Khy and Ky = Khy of K in H with K1, Ky # K. Put b = hy 'hy and
note that Kb = Ky and Kob~! = K. Let Sy denote the symmetric group
on H and let o € Sy be given by

hb, he Ky,
o(h) = hb~!, he Ko,
h, otherwise.

Note that 02 = 1 and also that o (kh) = ko(h) forallk € K and h € H. For
h € H, let A\, be the element of Sy given by Ap(z) = ha (z € H). Then the
observation above gives oAy = Ao for all k € K. Define 81,82 : H — Sg by
B1(h) = A, and P2(h) = oApo and note that both of these maps are group
homomorphisms. For k € K, we have fa(k) = o A\yo = \o? = M\ = B1(k),
so f1a = Boa. On the other hand, letting e denote the identity element of
H, we have

Ba(h1)(e) = oAn,o(€e) = a(h1) = ha # h1 = Ay, (e) = Bi(h1)(e),

so that 31 # (2. Therefore, « is not epic and the proof is complete. O

15



2.4 Split epic

Let C' be a category. A morphism « : x — y in C is split epic if there
exists a morphism § : y — x such that a8 = 1,. This can be depicted as

follows:
3B

==Yy Il

(A split epic morphism is sometimes called a “retraction.”)
Put more succinctly, a morphism is split epic if it has a right inverse.

This definition is dual to that of split monic.

2.4.1 Theorem. FEvery split epic morphism is epic.

Proof. Let o : x — y be a split epic morphism in C, so that there exists
a morphism 8 : y — x in C such that a8 = 1,. Let 1,52 : y — 2z be
morphisms in C' and assume that Sy = S2c. Then

pr = p1ly = praf = Braf = Baly, = B,

implying that « is epic. O

The statement of the preceding theorem is dual to that of Theorem 2.2.1.
This implies that a proof can be obtained by simply dualizing the earlier
proof, meaning, reversing arrows and reversing the order of the morphisms
in every composition (even in definitions, so that, for instance, “monic”
becomes “epic”). Proofs of dual statements are usually omitted. (The dual
nature of the proof just given is somewhat obscured by the choice of notation.
For instance, we wrote o : * — y as in the definition of split epic instead of
a :y — x, which is how the earlier proof begins with arrow reversed.)

2.4.2 Theorem. In a concrete category every split epic morphism is sur-
jective.

Proof. Let C be a concrete category and let o : X — Y be a split epic
morphism in C, so that there exists a morphism S : Y — X such that
af =1y. Let y € Y. Then z := (y) € X and



implying that « is surjective. O

The converse of this theorem does not hold.

2.4.3 Example (Surjective but not split epic in Grp and Rng) The map

«: Zy — Zo given by
0,2 —0,
o
1,3—1

is a surjective group homomorphism. Since 1 € Zs has order 2, any ho-
momorphism [ : Zy — Z4 must send 1 to either 0 or 2 so that aff # 1z,.
Therefore « is a surjective morphism that is not split epic in the category
Grp. (This « is also a surjective morphism that is not split epic in the
category Rng, and for the same reason.) O

2.4.4 Example (Surjective but not split epic in Top) Let o« : R =+ R
be the identity map, where the domain has the discrete topology and the
codomain has the usual topology. Then « is a surjective morphism in the
category Top. An argument very similar to that given in Example 2.2.4
shows that « is not split epic. O

2.4.5 Theorem. In the category Set a morphism is split epic if and only
if it is surjective.

Proof. Let @« : X — Y be a morphism in Set. If « is split epic, then
it is surjective by Theorem 2.4.2. Assume that « is surjective. For each
y € Y there exists f(y) € X such that a(5(y)) = y. This defines a function
B :Y — X, which satisfies a3 = 1y. Therefore, « is split epic. O

In summary, according to Theorems 2.4.2 and 2.3.1 we have the following
relationships in a concrete category:
split epic = surjective = epic.

Moreover, Examples 2.4.3 and 2.3.2 show that no two of these notions coin-
cide in general. In an arbitrary category the middle term is no longer defined
(which is what the italics are intended to indicate), but if it is deleted the
resulting implication is still valid by Theorem 2.4.1.

In the category Set all three notions coincide by Theorems 2.4.5 and 2.3.3.
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2.5 Bimorphism and Isomorphism
Let C be a category and let a : © — y be a morphism in C.

e « is a bimorphism if it is both monic and epic.
e « is an isomorphism if there exists 5 : y — x such that fa = 1, and
af =1,.
If a is an isomorphism, then the morphism g in the definition is unique and

is denoted o™ 1.

Two objects « and y of C' are isomorphic if there exists an isomorphism
from z to y. In this case, we write x = y.

The following characterization of isomorphism is useful.

2.5.1 Theorem. A morphism is an isomorphism if and only if it is both
split monic and split epic.

Proof. 1t follows immediately from the definitions that an isomorphism is
both split monic and split epic. Let o : * — y be a morphism in C
and assume that « is both split monic and split epic, so that there ex-
ist morphisms 3,7 : ¥y — x such that fa = 1; and ay = 1,. Then
B = Bly = Bay = 1,77 =, so « is an isomorphism. O

Piecing together results from the previous sections, we get the following
relationships:
monic \ /epic
ﬂ bimorphism ﬂ
injective W surjective
ﬂ \ bijectz’on/ ﬂ
split monic W - split epic
isomorphism
(the italicized entries are to be included only if the category in question is

concrete).
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2.5.2 Theorem. In the categories Set and Grp the notions bimorphism,
bijection, and isomorphism coincide.

Proof. Let C be either Set or Grp and let a : X — Y be a bimorphism
in C. In view of the preceding diagram, it suffices to show that « is an
isomorphism. By Theorems 2.1.3 and 2.3.3 « is a bijection. The inverse
a~! of a is a morphism (this is not immediate in the case C' = Grp but it
is elementary to show) and since ala=1x and aa™! = 1y it follows that
« is an isomorphism. O

The category Rng cannot be included in this theorem since the inclusion
map Z < Q is a bimorphism (Theorem 2.1.1 and Example 2.3.2) but not a
bijection.

Nor can the category Top be included since the identity map R — R with
domain and codomain given the discrete and usual topologies, respectively,
is a bijection but not an isomorphism (=homeomorphism) (Example 2.2.4
and Theorem 2.5.1).

2 — Exercises

2—1 Let Haus be the full subcategory of Top consisting of all Hausdorff
spaces. Prove the following: If o : X — Y is a morphism in Haus and im «
is dense in Y (i.e., ima = Y), then « is epic. (The converse also happens
to be true.) Use this result to give an example of a morphism in Haus that
is epic but not surjective.

2—2 Let C be a category.

(a) Prove that a morphism in C' is monic and split epic if and only if it is
epic and split monic.

)

(b) Prove that if every monic morphism in C' is split monic, then every
bimorphism in C' is an isomorphism. (Note: The dual statement with
“epic” replacing “monic” also holds.)
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3 Basic Constructions

3.1 Initial object and terminal object

Let C be a category and let ¢ € C.

The object ¢ is initial if for each object x of C there exists a unique mor-
phism from c to x.

The object ¢ is terminal if for each object z of C' there exists a unique
morphism from z to c.

3.1.1 Examples

e In Set and Top the empty set () is initial (since for each object X
the empty function is the unique morphism from ) to X), and each
one-point set is terminal.

e In Grp, Rng, and pkMod (R a ring) there is a one-element (trivial)
object, and any such is both initial and terminal.

e In Ring (rings with identity), the ring Z is initial (since for each object
R the map a : Z — R given by a(n) = nl is the unique morphism
from Z to R), and the trivial ring (with 1 = 0) is a terminal object.

e In a preordered set, regarded as a category as in Example 1.3.3, a least
element (if one exists) is initial and a greatest element (if one exists)
is terminal.

3.1.2 Theorem.

(i) Any two initial objects of C are isomorphic.

(il) Any two terminal objects of C are isomorphic.

Proof. (i) Let ¢ and ¢’ be two initial objects of C'. Since ¢ is initial there exists
a morphism « : ¢ — ¢/. Similarly, since ¢’ is initial there exists a morphism
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B:c — c. Now Ba is a morphism from c to itself, and so is the morphism 1.
By the uniqueness assumption in the definition of initial object, Sa = 1..
Similarly, a8 = 1.. Therefore, o : ¢ — ¢ is an isomorphism, implying
c=/c.

(ii) The proof here is similar. O

3.2 Motivation for product

Let X7 and X5 be sets and let P be the Cartesian product of X; and Xs:
P=X1 xXo= {(a;l,a:g) ‘ x; € Xz}

For i € {1,2} let m; : P — X; be the projection map: m;((z1,x2)) = x;. The
pair (P,{m;}) has the following “universal mapping property”: If X is a set
and o; : X — X; (i = 1,2) are functions, then there exists a unique function
~v: X — P such that m;y = «; for each i, i.e., such the following diagram is
commutative for each i:

Iy

X ~P. (1)
AN A

(Proof: Assume the hypothesis. The map v : X — P given by y(z) =
(a1 (), ag(x)) makes the diagram commutative for each i, and if v/ : X — P
also makes the diagram commutative for each i, then for each x € X we have

(@) = (m7'(z), m27(2)) = (e1(2), az(2)) = 7(2),
so that 7/ = v, establishing uniqueness.)

Let D be the category having as objects pairs (X, {«;}) with X a set and
a; X = X; (i = 1,2) functions, and with morphisms from the object
(X,{a;}) to the object (Y,{f;}) being those functions v : X — Y making
the following diagram commutative for each i:

X il Y,

AN A

X
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and with composition of morphisms being composition of functions. Then
according to the previous paragraph the pair (P, {m;}), with P = X7 x Xj,
is a terminal object of D.

We refer to D as an “auxiliary” category; it encapsulates in a single object
the items of relevance in this situation, namely, a set and maps from it to
the fixed sets X; and Xs.

One thing to be gained from this is that we now know from Theorem 3.1.2
that the pair (P,{m;}) is unique up to an isomorphism in D. Such an
isomorphism is seen to be an isomorphism in Set (i.e., a bijection) but it is
a special isomorphism in that, being a morphism in D, it is compatible with
the maps to the sets X1 and X5. More precisely, if v : (X, {a;}) — (P, {m})
is an isomorphism in D, then v : X — P is an isomorphism in Set and
o; = Ty, so that a; is the same as m; once « is used to identify X and P.

So the Cartesian product P = X; x X5 is special in how it relates to X7
and Xs through the projection maps 7; in that it has the universal mapping
property (1) and it is essentially the only set with this property.

There are several other common constructions that possess similar universal
mapping properties. Each can be viewed as an initial or terminal object of
a suitable category. We consider some such constructions in the following
sections.

3.3 Product

Here, we generalize the idea of the preceding section.

Let C be a category and let {¢;};er be a family of objects of C'. Form an
auxiliary category D = Dy, as follows: Take as objects pairs (z, {a;}), where
x is an object of C' and «a; : * — ¢; is a morphism in C for each ¢ € I; take as
morphisms from the object (x,{a;}) to the object (y,{f;}) all morphisms
~v:x — y in C such that 8,7 = a; for each 7, that is, such that the following
diagram is commutative for each :

’y .
L—=Y;

N
G
and define composition of morphisms in D to be the composition in C.
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A terminal object (p,{m;}) of D is called a product of the family {¢;}. By
definition, such an object has the property that for any object (z,{c;}) of
D there exists a unique morphism v : x — p in C such that m;v = «; for
each i, that is, such that the following diagram is commutative for each :

Il
x >D.
Ci

According to Theorem 3.1.2, a product, if one exists, is unique up to an
isomorphism in D, which amounts to an isomorphism in C that is compatible
with the given morphisms to the objects c;.

We say that “products exist” in the category C' if a product exists for each
family of objects of C.

3.3.1 Example (Products exist in Set) Let {X;}icr be a family of sets.
The natural generalization of the special case I = {1, 2} discussed in Section
3.2 gives rise to a product here, but we need a definition of Cartesian product
that does not use tuples (since I need not be finite, or even countable). Put

P=]][Xi={z:1—;Xi|xi € X;Vi}
and for each i € I define m; : P — X; by m;(z) = x;.
We claim that (P, {m;}) is a product of the family {X;}. To prove this, we
need to show that this pair is a terminal object of the auxiliary category
D = Dy, defined above (with C' = Set). Let (X,{«a;}) be an object of D.
Define v : X — P by v(x); = a;(x). For each z € X and each i € I we

have m;y(x) = mi(v(x)) = v(x); = a;(x), so m;y = o for each i. Therefore,
v (X, {a;}) = (P,{m}) is a morphism in D.

Finally, let v/ : (X,{a;}) — (P,{m}) be a morphism in D. Then for each
x € X and each ¢ € I we have

V(@) = mi(y(2)) = 77/ () = ai(z) = y(2);,

so 7' = v establishing uniqueness. Therefore (P, {7;}) is terminal in D and
hence a product of the family {X;}. O
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3.3.2 Example (Products exist in Grp, Rng, pRMod) Take the category
Grp first. We proceed as in the preceding example, except that here we
assume that each X; is a group. Then the Cartesian product P =[], X; is
a group with componentwise operation: (zy); = x;y; (z,y € P, i € I). This
group P is the direct product of the family {X;}. The maps m; (i € I)
and ~ defined above are seen to be homomorphisms, and the rest of the
verifications are just as above, so (P, {m;}) is a product of the family {X;}.

The categories Rng and pkMod are handled similarly: the Cartesian product
is given the appropriate structure by defining operations componentwise and
the maps are verified to be homomorphisms. ]

3.3.3 Example (Products exist in Top) Again, we proceed as in Example
3.3.1. Here, each X; is assumed to be a topological space. For a topology
on the Cartesian product P = [], X; we take the product topology, which
has as subbase the collection of all ;" Y(U) with i € I and U open in X;. In
particular, each one of these sets is open in P, so that each projection map
7; is continuous.

To check that the function v : X — P defined in Example 3.3.1 is continuous,
it is sufficient to show that the inverse image of each subbase element is open.
We have y~1(; 1(U)) = (mi7)"H(U) = a; '(U), which is open for each i € T
and U open in X; since q; is assumed to be continuous. The rest of the proof

that the pair (P, {m;}) is a product for the family {X;} is just as above. [

3.4 Coproduct

If we take the definition of product and turn arrows around we get the dual
notion of “coproduct.” The terminology follows the usual naming convention
of prepending “co” to the name of a notion to get the name of its dual notion.
(This convention is not consistently applied; for instance, epic morphism is
the dual of monic morphism.)

Let C be a category and let {c;};er be a family of objects of C. Form a
category D = Deopr as follows: take as objects pairs (x, {c;}), where z is
an object of C' and «; : ¢; — x is a morphism in C for each i € I; take as
morphisms from the object (z,{c;}) to the object (y,{5;}) all morphisms
~v:x — y in C such that ya; = §; for each 4, that is, such that the following

24



diagram is commutative for each i:

’y .
L—=Y;

¢

and define composition of morphisms in D to be the composition in C.

An initial object (q,{¢;}) of D is called a coproduct of the family {¢;}. By
definition, such an object has the property that for any object (x,{«a;}) of
D there is a unique morphism v : ¢ — z in C such that y¢; = a; for each ¢,
that is, such that the following diagram is commutative for each :

Il
>XT .

N A

Ci

As with products, we say that “coproducts exist” in the category C' if a
coproduct exists for each family of objects of C.

3.4.1 Example (Coproducts exist in Set) Let {X;};cs be a family of sets.
Let @ be the disjoint union of the X;. Thus, @ = (J; X, where X =
{(z,i) |z € X;} for each i. (We have X/ = X, in Set for each i and the
X! are pairwise disjoint even if the X; are not.) For each i € I define
ti: X = Q by vi(x) = (x,1).

Claim: The pair (@, {¢;}) is a coproduct of the family {X;} in Set. To prove
this, we need to show that it is an initial object of the auxiliary category
D = D¢opr defined above (with C' = Set). Let (X, {«;}) be an object of D.
Define v : Q@ — X by v((x,4)) = a;(x). For each ¢ € I and each =z € X, we
have vi;(x) = v(ti(z)) = v((x,7)) = a;(x), so yt; = «; for each i. Therefore,
7 is a morphism in D. Let v/ : (@, {t;}) — (X,{a;}) be a morphism in D.
For each (z,i) € () we have

7’((3?, Z)) - 7/Li(x) - al(x) - ")/((33, Z))?

so 7/ = v establishing uniqueness and the claim. O

3.4.2 Example (Coproducts exist in Top) Let {X;}ier be a family of
topological spaces and let @) be the disjoint union of the X; as in Example
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3.4.1. A topology on @ is obtained by declaring a subset U of @ to be open
if and only if L;l (U) is open in X; for each i. Then the functions ¢; : X; — @
(1 € I) and ~ defined in Example 3.4.1 are continuous, and the rest of that
example shows that (@, {¢;}) is a coproduct of the family {X;}. O

3.4.3 Example (Coproducts exist in pkMod) Let R be a ring and let
{M;}ier be a family of R-modules. Let M = €, M; be the direct sum of
the M;. Thus, M is the submodule of the direct product [ [, M; (see Example
3.3.2) consisting of those functions that are 0 for all but finitely many i:

M = @Mz ={me HMl | m; = 0 for all but finitely many }.
j i
For each ¢ € I define ¢; : M; — M by ¢;(m); = 0;;(m), where &;; : M; —
M; is the identity map if ¢ = j and zero otherwise. Then ¢; is an R-
homomorphism for each 3.

Claim: The pair (M, {¢;}) is a coproduct of the family {M;} in pMod, that
is, an initial object of the auxiliary category D = Dcopr. Let (N, {a;}) be
an object of D. Define v : M — N by y(m) = >, a;(m;) (well-defined since
only finitely many terms of this sum are nonzero). It is straightforward to
check that v is an R-homomorphism. For each 7 € I and m € M; we have

Yei(m Z% ti(m ZO‘J ij(m)) = ai(m),

so yi; = «; for each i. Therefore, v is a morphism in D.

Let v : (M,{s}) — (N,{e;}) be a morphism in D. Let m € M. For
each j € I we have m; = > . 6;i(m;) = Y, ti(my); = (O, ti(my));, so
m =Y. ti(m;). Therefore,

v (m) = 7/(2% mZ ny ti(my) Zal(ml) =(m),

i

so that 7/ = ~ establishing uniqueness and the claim. O

Letting R = Z in the preceding example we get that coproducts exist in
Ab. For a field F letting R = F we get that coproducts exist in Vectp.

3.4.4 Example (Coproducts exist in Grp) Let {G;}ic; be a family of
groups. Let @) be the “free product” of the family. The elements of this
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group are reduced words on the (disjoint) union U of the G;, meaning strings
1Ty (n > 0, x; € U) in which no factor is an identity and adjacent
factors do not lie in the same group. The operation is juxtaposition followed
by any necessary reductions to achieve a reduced word (i.e., multiplication
of adjacent factors if in the same group and removal of any instances of the
identity). The identity of X is the empty word. The inverse of the reduced
word Ty - Xy 1S :c,jl T:il e xl_l. We omit the check that the operation
is associative since it is long and tedious. For each ¢ € I define ¢; : G; — Q
by letting ¢;(a) be the word a if a is not the identity and the empty word
otherwise. Then ¢; is a homomorphism for each 3.

Claim: The pair (Q, {¢;}) is a coproduct of the family {G;} in Grp, that is,
an initial object of the auxiliary category D = Deopr. Let (X, {cy}) be an ob-
ject of D. Define v: Q — X by y(z122- - xn) = o, (21) 0y, (22) - - -, (20),
where x; € Gj,. Then 7 is the unique morphism in D from (@, {t;}) to
(X,{a;}) (check omitted), and this establishes the claim. O

The examples show the dependence of a coproduct of a family on the ambient
category. The coproduct in Ab of a family of abelian groups is isomorphic
to the direct sum of the groups with the natural injections (see remark after
Example 3.4.3). But a coproduct of this same family in Grp is isomorphic to
the free product with the natural injections. The copies of the given groups
in the direct sum commute elementwise, but not so in the free product. (Cf.
also Exercise 3-1.)

3.5 Equalizer

Let C be a category and let A1, As : @ — b be two morphisms in C"

A1
a”—/=Zb.
A2
Form an auxiliary category D = Deq as follows: Take as objects pairs (z, «)
with  an object of C' and « : * — a a morphism in C such that \ja = Ao
«a A1
r——a—=<b;
A2
take as morphisms from the object (z,a) to the object (y,/3) those mor-
phisms v : £ — y in C such that Sy = «, that is, such that the triangle in
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the following diagram is commutative:

and define composition of morphisms to be the composition in C.

A terminal object (p,i) of D is called an equalizer of A\; and 2. By
definition, such an object has the property that for any object (z,a) of D
there exists a unique morphism v : x — p in C such that 1y = «, that is,
such that the triangle in the following diagram is commutative:

X
31 \a gb
y a =0.
}/)/ A2

We say that “equalizers exist” in the category C' if an equalizer exists for
each pair of “paralle]” morphisms.

3.5.1 Example (Equalizers exist in Set) Let A\j,A2 : A — B be two
functions. Put
P={a€c A|X(a)=NX(a)}

and let ¢ : P — A be the inclusion map. Then At = Agt, so (P,¢) is an
object of the auxiliary category D = D.q defined above (with C' = Set).

Claim: (P,¢) is an equalizer of A\; and A9, that is, a terminal object of D.
Let (X, «) be an object of D. For every z € X we have A\ (a(z)) = Mia(z) =
Xoa(z) = Ae(a(z)), so ima C P. Therefore, letting v : X — P be a with
codomain restricted to P we get vy = «, so v is a morphism in D from
(X, a) to (P,1):
X
«
\ A

—_—=<B.

¥ /A
\ A
P~ ’

Finally, ¢ is injective and hence monic by Theorem 2.1.1, so « is the unique
such morphism and the claim follows. O
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3.5.2 Example (Equalizers exist in Top) If A\, Ao : A — B are two con-
tinuous maps, and P, as defined in Example 3.5.1, is given the subspace
topology, then the inclusion map ¢ : P — A is continuous and (P,¢) is an
equalizer of A\; and Ag, the verification being just as in that example. O

3.5.3 Example (Equalizers exist in Grp, Rng, and pMod) Take the
category Grp first. If A{Ay : A — B are two group homomorphisms, then
P, as defined in Example 3.5.1, is a subgroup of A and the inclusion map
t: P — Ais a homomorphism, so (P,¢) is an equalizer of A\; and Ay, the
verification being just as in that example.

A similar argument works for the categories Rng and pMod for any ring
R. O

3.5.4 Theorem. If \;, A2 : a — b are two morphisms in C' and (p,i) is
an equalizer of A1 and Ao, then v is monic.

Proof. Assume the hypothesis and let 81,82 : £ — p be morphisms in C
with
LB = 1B =: a. (2)

Since (p,¢) is an object of the auxiliary category D = Deq, we have
Aa = ABr = A = Maa,

so (z,«) is an object of D as well:

x

& A

B1|| B2 a”—/=bh.
p

P

In the diagram above, the triangle with $; and the triangle with (s are
both commutative by Equation (2), so by the uniqueness assumption in the
definition of equalizer we get 51 = 2. Therefore, ¢ is monic. O

3.6 Coequalizer

In this section we dualize the definition of equalizer to obtain the definition
of “coequalizer.”
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Let C be a category and let A1, As : @ — b be two morphisms in C"
A1
a—<b .
A2

Form an auxiliary category D = Dgoeq as follows: Take as objects pairs
(x,) with x an object of C' and « : b — 2 a morphism in C such that
Oé)\l = Oé>\2:
A N
a—=b——uzx;
A2
take as morphisms from the object (x,«) to the object (y,3) those mor-
phisms v : x — y in C such that va = 3, that is, such that the triangle in
the following diagram is commutative:

Y
T
[0/ —

A2 XT

T
and define composition of morphisms to be the composition in C.

An initial object (¢, 7) of D is called a coequalizer of \; and \;. By
definition, such an object has the property that for any object (z,«) of D
there exists a unique morphism ~ : ¢ — = in C such that y7m = «, that is,
such that the triangle in the following diagram is commutative:

A a7y
1
[ — b Iy
Aa x
q.

We say that “coequalizers exist” in the category C if a coequalizer exists for
each pair of “parallel” morphisms.

3.6.1 Example (Coequalizers exist in Set) Let A;, A2 : A — B be func-
tions. Put R = {(A1(a), A2(a)) |a € A} C Bx B and let ~ be the equivalence
relation on B generated by R. Thus, b ~ ¢ if and only if there exists a non-
negative integer n and xg,x1,x2,...,x, € B such that b = zg, ¢ = x,,, and
for each 1 < i < n either (z;—1,2;) € R or (z;,x;—1) € R. Let Q be the
quotient B/~ = {b|b € B} (= set of equivalence classes of B relative to ~)
and define 7 : B — Q by 7(b) = b.
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Claim: The pair (Q,7) is a coequalizer of A\; and Ag in the category Set.
For each a € A, mAi(a) = Ai(a) = Aa(a) = mha(a) since A\i(a) ~ Aa2(a).
Therefore, mA; = w2, implying that (Q,7) is an object of the auxiliary

category D = Dgoeq defined above (with C' = Set).

We need to show that (@, 7) is an initial object. Let (X, «) be an object
of D. Define v : Q@ — X by ~(b) = a(b). Note that for (z1,22) € R we
have (z1,z2) = (A1(a), A2(a)) for some a € A, implying a(z1) = ali(a) =
aXy(a) = a(xy). Therefore, if b = ¢, then b ~ ¢ and, with notation as above,
a(b) = a(xy) = a(x1) = -+ = a(z,) = alc) and v is well-defined. Also,
4T = «, so v is a morphism in D from (Q, ) to (X, a):

b B%
A2 *\

Finally, 7 is surjective and hence epic by Theorem 2.3.1, so « is the unique
such morphism and the claim follows. O

3.6.2 Example (Coequalizers exist in Top) Let A;,A2 : A — B be con-
tinuous maps. Let @ and 7 : B — @ be as in Example 3.6.1. Endow @
with the quotient topology (so a subset U of @ is open if and only if 7= (U)
is open in B). Then 7 : B — @ is continuous. Arguing that (Q,n) is a
coequalizer of A\; and Ay as in Example 3.6.1 we are given an object (X, )
of Deoeq (defined with C' = Top) and we need only show that the map
v :Q — X given by v(b) = a(b) is continuous. Let U be an open subset
of X. Since ym = a, we have 7~ 1(y~}(U)) = a1 (U), which is open in B
since « is continuous. Hence, v~ (U) is open in Q. We conclude that v is
continuous and the argument is complete. O

3.6.3 Example (Coequalizers exist in Grp) Let Aj, Ao : A — B be two
group homomorphisms. Let N be the normal closure in B of the set

S = {Ai(a)r2(a) |a € A}

This means that IV is the intersection of all normal subgroups of B containing
S. Put @ = B/N and let 7 : B — @ be the canonical epimorphism. For
a € A we have \j(a)\2(a)™t € S C N, so 7Ai(a) = A(a)N = Ay(a)N =
mAz(a). Therefore, mA\; = mAg, implying that the pair (Q, ) is an object of
the auxiliary category D = Dcoeq defined above (with C' = Grp).
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Claim: The pair (Q, ) is a coequalizer of A; and Ao. Let (X,a) be an
object of D. Then S C ker« and, since ker o is normal, N C kera. By
the fundamental homomorphism theorem there is a unique homomorphism
v :  — X such that ym = «. In other words, there is a unique morphism
v in D from (@, 7) to (X, «), which is to say that (Q, ) is an initial object
of D, as desired. ]

In the preceding example, if A and B are (additive) abelian groups, then
the difference A\ — A9 is a homomorphism A — B, and S, as defined in
the example, is simply the image of this homomorphism and is therefore a
subgroup of B (automatically normal). So in this case N = S, which yields
a simpler description of the coequalizer. An analogous argument gives a
coequalizer in the category pRMod for any ring R.

3.6.4 Theorem. If \j,\y : a — b are morphisms in C' and (q,7) is a
coequalizer of A1 and Ao, then 7 is epic.

Proof. The proof is the same as the proof of Theorem 3.5.4 with arrows
reversed. O

3.7 Pullback

Let C be a category and let A; : a; — b (i = 1,2) be two morphisms in C:

Form an auxiliary category D = Dy} as follows: Take for objects pairs
(x,(a1,a2)), where x is an object of C and o; : * — a; (i = 1,2) are
morphisms in C' such that A\ja; = Aoag, that is, such that the following
diagram is commutative:

az
T ——ao

ap—b;
A1
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take as morphisms from the object (z, (a1, a2)) to the object (y, (81, f2)) all
morphisms v : z — y in C such that ;v = a; (i = 1,2), that is, such that
the following diagram is commutative:

N,

and define composition of morphisms to be the composition in C.

A terminal object (p, (01,02)) of D is called a pullback of the pair (A1, A2).
By definition, such an object has the property that for any object (z, (a1, az))
of D there exists a unique morphism ~ : x — p in C such that the following
diagram is commutative:

d

ap—b.

A1

We say that “pullbacks exist” in the category C if a pullback exists for each
pair of morphisms in C with the same target.

3.7.1 Example (Pullbacks exist in Set) Let \;: A; — B (i = 1,2) be two
functions. Define

A1 X B A2 = {((Il,ag) | a; € AZ' and )\1(&1) = )\2(&2)} - A1 X AQ,

called the fibered product of A\; and Ay. Put P = A; xp Ay and for
i = 1,2 define o; : P — A; by o4((a1,a2)) = a;. For a = (a1,a2) € P
we have Ajoi(a) = Ai(a1) = Aa(a2) = Aeo2(a). Therefore, A\jo1 = X209,
implying that the pair (P, (o1,02)) is an object of the auxiliary category
D = Dy, defined as above (with C' = Set).

Claim: The pair (P, (01, 02)) is a pullback of the pair (A1, A2). Let (X, (o,
ag)) be an object of the category D. Define v : X — P by ~(z) =
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(a1(x), ae(x)). Since Mo (z) = Aoag(x) for each x € X, v maps into P
as indicated. Moreover, ;7 = «; (i = 1,2), so 7 is a morphism in D from
(X, (041, 042)) to (P, (o1, 02))2

Finally, let 4/ be a morphism from (X, (a1, a3)) to (P,(o1,02)). For every
z € X we have

V(@) = (017 (), 027/ (2)) = (01(2), az()) = ¥(2),

so 7 = v establishing uniqueness and the claim. O

3.7.2 Example (Pullbacks exist in Top) Let \;: A; — B (i =1,2) be two
continuous maps, give A1 X Ay the product topology, and let P = Ay X g Ay be
as in Example 3.7.1 endowed with the subspace topology. In that example,
the maps o; : P — A; (i = 1,2) are the restrictions to P of the usual
projection maps from A; X A, and are therefore continuous. For an object
(X, (a1, ) of the category Dy, defined above (with C' = Top), the map
v:X — P C Ay x As defined as before has continuous component maps
a1 and g and is therefore continuous. Therefore, the pair (P, (01,02)) is a
pullback of the pair (A1, A2), the remaining arguments being just as before.

O

3.7.3 Example (Pullbacks exist in Grp, Rng, RMod) Take the category
Grp first. Let \; : A; — B (i = 1,2) be two group homomorphisms and let
P=A xpAsand o; : P — A; (i =1,2) be as in Example 3.7.1. Then P
is a subgroup of A; x Ay and the maps o; (i = 1,2) as well as the map ~
defined in that example are homomorphisms, so (P, (01,02)) is a pullback
of the pair (A1, A2).

A similar argument works for the categories Rng and pkMod for any ring
R. O
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We say that “finite products exist” in the category C' if a product exists for
each finite family of objects of C' (including the empty family).

3.7.4 Theorem. The following are equivalent for the category C':

(i) Equalizers and finite products exist in C,

(ii) Pullbacks and a terminal object exist in C.

Proof. (i = ii) Assume that equalizers and finite products exist in C. A
product of the empty family of objects is a terminal object of C, so it remains
to show that pullbacks exist. Let A\; : a; — b (i = 1,2) be two morphisms
in C. By assumption there exists a product (a1 X ag,{m;}) of the family
{ai}, that is, a terminal object of the corresponding auxiliary category Dy,.
In turn, by assumption there exists an equalizer (p,:) of A\ym; and Agmo,
that is, a terminal object of the corresponding auxiliary category Deq (see
diagrams). Put o; = m; (i = 1,2). We have \jo1 = \i71t = Aamat = Aeoa,
so (p, (01,02)) is an object of the auxiliary category Dyy, in the definition of
pullback for the pair (A1, A2).

4
_—
p . a2 \ A1
/ Y a1 X ag ———=b.
[e%1 RN A T2 Aot
o1 a1 X as A2 \ / 272
p

S

al T— b.

Claim: The pair (p,(o1,02)) is a pullback of the pair (A1, A2). Let (z,
(a1, 0)) € Dpp, so that Aja; = Agap. The universal mapping property of
the product yields a morphism § : * — ay X ag such that m;0 = o; (i = 1,2).
We have A\im10 = Aoy = Agag = Aamad, s0 (2,0) € Deq. The universal
mapping property of the equalizer yields a morphism v : x — p such that
vy = 0. Now 04y = mjvy = mid = oy (i = 1,2), so v is a morphism in Dy,
from (z, (a1, a2)) to (p, (01,02)). Finally, let 4/ be another such morphism.
Then ;17 = 047 = ; and similarly w0y = o; (i = 1,2), so the uniqueness
assumption in the definition of product gives 1y = ty. By Theorem 3.5.4, ¢
is monic, so 7/ = 7 and the claim is established.

(ii = i) Assume that pullbacks exist in C' and that C has a terminal object
t. To prove that finite products exist in C' it suffices to show that a prod-
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uct exists for a family {aj, a2} of two objects of C' (Exercise 3-2). Since
t is terminal, there exist morphisms A; : a; — t (i = 1,2) in C. By as-
sumption, there exists a pullback (p, (71, 72)) of the pair (A1, A2), that is, a
terminal object of the corresponding auxiliary category Dpy,. The square in
the following diagram is commutative:

* T
p——=a2

mi lh

a; —t.

A1

Claim: The pair (p, {m;}) is a product of the family {a;}. Let (z,{c;}) be an
object of the auxiliary category Dy, in the definition of product of the family
{a;}. Then \;cv; : x — ¢ (i = 1,2) are two morphisms to the terminal object
t, so Aag = Aoy by uniqueness. Therefore, (z, (a1, a2)) € Dpyp, giving rise
to a unique morphism 7 : x — p in C such that my = o; (i = 1,2). The
claim follows.

It remains to show that equalizers exist in C. Let A; : a — b (i = 1,2) be
two parallel morphisms in C. By what we have shown already, there exists
a product (a x b,{m;}) of the family {a, b}, that is, a terminal object of the
corresponding auxiliary category Dp,. Using the universal mapping property
of product twice (see left diagram) we get morphisms A}, A : @ — a x b such
that

7r1)\'1 =1, 7T1)\/2 =1,

7T2)\,1:)\1, 7T2)\/2:)\2 :

3)

x
(6% Al
¥ a—/=b
v Az
L
p

By assumption, there exists a pullback (p, (o1, 02)) of the pair (A}, A), that
is, a terminal object of the corresponding auxiliary category Dpy,. Using the
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first line of (3), we find that
o1 = 1a01 = mNjo1 = m M09 = 1,00 = 09
Put ¢« = 01 = 09. Using the second line of (3), we find that
AL = moNjop = M09 = Aot

so (p, ¢) is an object of the auxiliary category Deq in the definition of equalizer
of A1 and Ag (see right diagram above).

Claim: The pair (p,¢) is an equalizer of A\ and Ap. Let (2,) € Deq. In
particular, \ja = Aoav =: 8. Now Nov (i = 1,2) are both morphisms in Dy,
from (z,{a, B}) to (a x b,{m,m2}). Indeed, from (3) we have

7T1)\;Oé =1, = q, 7T2>\;Oé =Na=p

(¢ = 1,2). So by uniqueness, Njow = M. Therefore, (z,(a,®)) € Dpp.
This yields a unique morphism ~ : * — p such that 0,7y = a (i = 1,2)
or, equivalently, such that +v = a. The claim follows and the proof is
complete. O

3.8 Pushout

In this section, we dualize the definition of pullback to obtain the definition
of “pushout.”

Let C be a category and let A\1 : @ — by and A2 : a — by be two morphisms
in C:

A2
a———>by.

y

b1

Form an auxiliary category D = D), as follows: Take for objects pairs
(x,(a1,a2)), where x is an object of C' and «; : b — =z (i = 1,2) are
morphisms in C' such that a1 A1 = agAg, that is, such that the following

diagram is commutative:
A2

a—— by

blT1>33§
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take as morphisms from the object (z, (a1, a2)) to the object (y, (81, f2)) all
morphisms v : z — y in C such that ya; = §; (i = 1,2), that is, such that
the following diagram is commutative:

A2
a———> by

At Y;

and define composition of morphisms to be the composition in C.

An initial object (g, (71, 72)) of D is called a pushout of the pair (A1, \2). By
definition, such an object has the property that for any object (x, (a1, a2))
of D there exists a unique morphism « : ¢ — x in C such that the following
diagram is commutative:

A2
a———=by

We say that “pushouts exist” in the category C if a pushout exists for each
pair of morphisms in C' with the same source.

3.8.1 Example (Pushouts exist in Set) Let \; : A — B; (i = 1,2) be
two functions. Let B be the disjoint union of B; and By (see Example
3.4.1). We use the injections By, By < B to identify B; and By with
their images and consequently regard these sets as being disjoint. Put R =
{(M(a),\2(a)) |a € A} and let ~ be the equivalence relation on B generated
by R (see Example 3.6.1). Let @ be the quotient B/~ = {b|b € B}, define
m:B— Qbyn(b)=b,and put 7; = 7|p, : B; > Q (i =1,2).

Claim: The pair (Q,(71,72)) is a pushout of the pair (A1, A2). For each
a € A, nihi(a) = Ai(a) = Aa(a) = A2(a) (using that A\j(a) ~ A2(a)), so
T1A1 = T2\ implying that (Q, (71, 72)) is an object of the auxiliary category
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D = D, defined above (with C' = Set). Let (X, (a1, a2)) be an object of
D. Define 79 : B — X by
Oq(b , be By,
Yo(b) = :
OQ(b), b e By

(well-defined since By and Bj are disjoint). If (r1,72) € R, then r1 = Ai(a)
and ro = A2(a) for some a € A, so y(r1) = arAi(a) = agde(a) = yo(re).
It follows that = is constant on the equivalence classes of B and therefore
induces a unique map v : Q — X such that yw = . We have v7; = «;
(1 =1,2), so v is a morphism in D from (Q, (A1, A2)) to (X, (a1, a2)):

A-2. B,

BlT)Q

e X.

Let ' be another such morphism, and let b € B. Then b € B; for some
i€ {1,2} and

7'(b) = +'m(b) = 7'7i(b) = i (b) = (D),

whence 7' = v and the claim follows. O

3.8.2 Example (Pushouts exist in Top) Let A\; : A — B; (i = 1,2) be
two continuous maps. If ), as defined in Example 3.8.1, is endowed with
the quotient topology, then all of the maps defined in that example are
continuous and (Q, (71, 72)) is a pushout of the pair (A1, \2). O

3.8.3 Example (Pushouts exist in pkMod) Let R be a ring and let A; :
A — B; (i = 1,2) be two R-homomorphisms. Put B = B; @ By and
define S = {(A1(a), —A2(a))|a € A}, which is seen to be a submodule of
B. Put Q = B/S and define 7, = m¢; : B; — Q (i = 1,2), where the maps
t; + B; — B are the natural injections and 7 : B — @ is the canonical
epimorphism. Then the pair (@, (71,72)) is a pushout of the pair (A, \2).

O
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3.8.4 Example (Pushouts exist in Grp) Let \; : A — B; (1 = 1,2) be
group homomorphisms. Regard B; and Bs as subgroups of the free product
B = Bj x By of the family {Bj, B2} (see Example 3.4.4) and let N be
the normal closure of the set {\i(a)\a(a)™!|a € A}. Put Q = B/N and
define 7; = 7|, : Bi — Q (i = 1,2), where 7 : B — @ is the canonical
epimorphism. Then the pair (@, (71,72)) is a pushout of the pair (A, \2).
The group @ is the amalgamated free product of By and Bs relative to
the pair (A1, A\2) and is denoted By x4 Ba. The free product By % By is the
special case where A is trivial. ]

3.8.5 Example (Pushouts exist in CRing) Let CRing denote the cate-
gory of commutative rings (with identity). Let \; : A — B; (i = 1,2) be two
homomorphisms of commutative rings. The underlying abelian group of By
becomes a (right) A-module by defining by - a = byA\1(a) (by € Bi,a € A),
and similarly Bs is a (left) A-module with action defined by a - by = Ao(a)be
(be € Ba,a € A), so the tensor product ) = B; ®4 Bs is defined. More-
over, () is a commutative ring with multiplication defined on generators by
(b1 ®b2)(c1 ®ca) = (bic1) @ (baca) and extended linearly. Define 7; : B; — @
by m1(b1) = b1 ® 1 and 72(b2) = 1 ® by. Then the pair (Q, (71,72)) is a
pushout of the pair (A, \2). O

3.8.6 Theorem. The following are equivalent for the category C':

(i) Coqualizers and finite coproducts exist in C,

(ii) Pushouts and an initial object exist in C.

Proof. The proof is dual to that of Theorem 3.7.4. O

3 — Exercises

3—1 For groups G1 and Gs let ; : G; — G1 X G2 be the injections defined
by t1(91) = (g1,e2) and t2(g2) = (e1,g2), where e; is the identity of Gj.
Prove that (G1 x Go,{t;}) is not, in general, a coproduct of the family {G;}
in the category Grp.

HINT: Let G be a nonabelian group and take G; = G (i = 1,2). In the
definition of coproduct, let o; = 1 : G; — G (i =1, 2).
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3—2 Let C be a category. Prove that the following are equivalent:

(i) Finite products exist in C. (See definition before Theorem 3.7.4.)

(ii) C has a terminal object, and for each pair c1,co € C there exists a
product of the family {¢;}ier in C, where I = {1, 2}.

3—-3 Let K be a field. Prove that coequalizers exist in the category Matg
(see Example 1.3.5).

HiNT: First assume that one of the two given morphisms is the zero matrix.
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4 Functor

4.1 Definition and examples

Let C and D be categories. A (covariant) functor from C to D, written
F :C — D, is a function that sends each object = of C' to an object F'(x)
of D and sends each morphism « in C' to a morphism F'(«) in D such that
the following hold:

(i) If a: x — y is a morphism in C, then F(«a) : F(z) — F(y),

(ii) F(Ba) = F(B)F(«) for all morphisms « and S in C for which Sa is
defined,

(iii) F(1c) = 1p() for each c € C.

Let F': C'— D be a functor. For any two objects z and y of C, the functor
F restricts to a function

C(z,y) — D(F(z), F(y))-

e [ is faithful if this restricted function is injective for each pair of
objects x and y.

e [ is full if this restricted function is surjective for each pair of objects
x and y.

(Cf. Example 4.2.6.)

4.1.1 Example (Forgetful functor) The functor Grp — Set that maps
each group to its underlying set and each morphism to itself is an example
of a “forgetful functor.” In general, a forgetful functor is a functor that
arises by forgetting some structure. This notion is not rigorously defined but
is used to describe certain naturally occurring functors. For example, there
are forgetful functors Rng — Ab (forget the multiplication), PTop — Top
(forget the point), Met — Top (forget the metric). O

Earlier, we informally used the term “concrete category” to refer to a cat-
egory in which the objects are sets with (possible) structure, and the mor-
phisms are functions that preserve the structure. We can now give a rigorous
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definition. A concrete category is a pair (C, F'), where C' is a category
and F': C' — Set is a faithful functor. For example, (Grp, F') is a concrete
category with F': Grp — Set the forgetful functor.

Many familiar categories, such as Set, Grp, Rng, and Top, have a natural
(faithful) forgetful functor to Set and thereby acquire the structure of con-
crete category. But even for categories having no obvious forgetful functor
to Set (such as those in Examples 1.3.3, 1.3.5, and 1.3.6) it is sometimes
possible to define a faithful functor to Set in order to give them the struc-
ture of concrete category. For example, if P is a preordered set regarded as
a category (1.3.3) and F': P — Set is the functor that sends every object
of P to the set {0} and every morphism of P to the identity map on {0},
then F is faithful, so that (P, F) is concrete.

4.1.2 Example (Hom functor) Let C be a category and let ¢ be a fixed
object of C. We get a functor F' : C' — Set as follows: For an object x
of C' we put F(z) = C(c,z) and for a morphism « : z — y in C' we define
F(a) : F(z) — F(y) (that is, F(a) : C(c,z) — C(e,y)) by F(a)(8) =
a3. This functor is the (covariant) Hom functor corresponding to ¢ (cf.
Example 4.4.1). The terminology is due to the common alternate notation
Home¢ (¢, x) for Cf(c, z).

This functor is often denoted by C(c, —) : C' — Set. When this notation is
used, the image of the morphism « : © — y is denoted by C(c, «), or often
more simply by a, (so that a.(3) = af for a morphism 5 : ¢ — x). O

4.1.3 Example (Monoid homomorphism as functor) Let M and N be
monoids and let ¢ : M — N be a monoid homomorphism, meaning ¢(zy) =
o(@)e(y) (x,y € M) and ¢(1p) = 1y. We get a functor F : Cpy — Cy
between the associated categories (Example 1.3.6) by letting F'(e) = e and
F(z) = ¢(z) (x € M). Conversely, the restriction of any functor F : Cpy —
Cn to morphisms yields a homomorphism M — N. O

4.1.4 Example (Power set functor) The power set functor P : Set —
Set is defined as follows: For an object X, put

P(X) = {55 € X}

(the power set of X), and for a morphism a: X — Y define P(a) : P(X)

N
P(Y) by P(a)(S) = a[S]. (Cf. Example 4.4.3.) O
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4.1.5 Example (Fundamental group functor) Let X be a topological space
and let p be a fixed point of X. A “loop at p” is a continuous map
v :[0,1] — X such that v(0) = p and (1) = p. Two loops v and § at
p are “homotopic,” written v ~ ¢, if v can be continuously deformed to 6,
that is, if there exists a continuous map H : [0,1] x [0,1] — X such that
H(t,0) =~(t), H(t,1) = 4(t), H(0,t) = p, and H(1,t) = p for all t € [0, 1]
(intuitively, H is the loop 7 at the bottom of the unit square and the loop
0 at the top, with intermediate horizontal lines corresponding to interme-
diate deformations from ~ to d). The relation ~ is an equivalence relation
on the set of all loops at p. The equivalence class of v is denoted [y]. Put

m1(X,p) = {7} |~ is a loop at p}.
The product 172 of two loops 1 and 5 at p is the loop at p defined by

n@),  0<t<1/2,
w(2t—-1), 1/2<t<1

(r172)(t) = {

(i.e., 71 followed by 72, both traversed twice as fast as usual). The induced
product on (X, p), given by [v1][y2] = [7172], makes 71 (X,p) a group,
the fundamental group of X at the base point p. For example, one has
m1(SY,p) = Z and m1(S?%,p) = {e} for any base point p, where S is the
circle and S? is the sphere.

A morphism « : (X,p) — (X',p’) in the category PTop of pointed topo-
logical spaces (see Example 1.3.1) induces a group homomorphism 7 () :
71 (X, p) = 71 (X', p') defined by 71 (a)([]) = [ay], where ary : [1,0] 5 X 5
Y is the composition. This defines a functor m; : PTop — Grp called the
fundamental group functor. O

4.1.6 Example (Constant functor) Let C' and D be categories and let d
be a fixed object of D. The constant functor from C to D determined by
d is the functor that sends every object of C to the object d and sends every
morphism in C to the identity morphism on d. O

4.2 Elementary properties

Let F': C — D be a functor.

We say that F' “preserves isomorphisms” if whenever the morphism o :  —
y in C is an isomorphism, the morphism F(«) : F(x) — F(y) in D is also
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an isomorphism.

On the other hand, we say that F' “reflects isomorphisms” if whenever a
morphism « : z — y in C has the property that F'(a) : F(z) — F(y) is an
isomorphism, then o : x — y is also an isomorphism.

We generalize these definitions: Let P be a property involving objects
and/or morphism (e.g., isomorphism, equalizer, product, initial object, and
so forth). For a family X of objects and/or morphisms in C' put F(X) =
{F(z)|x e X}.

e F preserves the property P if, whenever a family X of objects and/or
morphisms in C' satisfies P, then so does the family F(X) in D.

e F reflects the property P if, whenever a family X of objects and/or
morphisms in C' has the property that the family F'(X) in D satisfies
P, then so does the family X.

4.2.1 Theorem.

(i) Every functor preserves commutative diagrams.
(ii) BEwvery faithful functor reflects commutative diagrams.

Proof. Let F : C — D be a functor. Let aq,...,a, and Sq,...,05;, be
morphisms in C such that «, 8 : © — y for some objects x and y of C, where

a=]]a; and B =] B;. If @« =3, then
[[F(i) =F(Jew) = F(a) =F(8) = F(J[ 8:) = [[F (8.
This proves (i).

Now assuming that F is faithful and [ F(ay) = [[ F(B;), we get (rearrang-
ing the string of equalities above) F(«a) = F(3), so that a« = §. This proves
(ii). O

4.2.2 Theorem.

(i) Ewvery functor preserves split monics, split epics, and isomorphisms.

(ii) Ewvery faithful and full functor reflects split monics, split epics, and
1somorphisms.
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Proof. Let F' : C — D be a functor. If o : x — y is split monic in C,
then there exists 5 : y — x such that Sa = 1,, whence F(B)F(«a) =
F(Ba) = F(1;) = 1p(,) showing that F(«) : F(z) — F(y) is split monic. An
analogous proof shows that I preserves split epics and hence isomorphisms.
This proves (i).

Now assume that F' is faithful and full. Let a :  — y be a morphism
in C and assume that F(a) : F(x) — F(y) is split monic. Then there
exists ' : F(y) — F(x) such that 8'F(a) = 1p(). Since F is full, we have
B = F(B) for some 3 : y — x. Therefore, F(fa) = F(B8)F(a) = f'F(a) =
lp@) = F(1;) and, since F' is faithful, we get Sa = 1,, so that « is split
monic. An analogous proof shows that F' reflects split monics and hence
isomorphisms. This proves (ii). O

4.2.3 Example (Circle is not homeomorphic to sphere) We use the pre-
ceding theorem to show that the circle S* is not homeomorphic to the sphere
S2. Suppose, to the contrary, that a : S — S? is an isomorphism in Top.
Fix a point p; in S! and put pa = a(p1). Then « : (S, p1) — (S?,p2) is an
isomorphism in PTop. Let 71 : PTop — Grp be the fundamental group
functor (Example 4.1.5). By Theorem 4.2.2, 7, preserves isomorphisms, so
we get the contradiction

Z 27 (SY,p1) 2 m(S? p2) = {e}.

Therefore, S! is not homeomorphic to S2. ]

A functor F' : C — D is essentially surjective if each object of D is
isomorphic to F'(x) for some z € C.

4.2.4 Theorem.

(i) Bwvery faithful, full, and essentially surjective functor preserves monics,
epics, and bimorphisms.

(ii) Ewery faithful functor reflects monics, epics, and bimorphisms.

Proof. Let F : C — D be a functor. Assume that F is faithful, full, and
essentially surjective and let o : @ — b be a monic morphism in C'. We claim
that F(«) : F(a) — F(b) is monic. Let pi, s : y — F(a) be two morphisms
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in D and assume that F(a)u; = F(a)us. Since F is essentially surjective,
there exists an isomorphism 3 : F(x) — y for some x € C. Since F is full,
there exist morphisms A1, A2 : & — a such that FI(\;) = ;8 (i = 1,2):

A «
rra—2sp Fla) 2y == Fla) 2L F(p) .
A2 M2

Now F(a);) = F(a)F(\;) = F(a)u8 (i = 1,2), so F(a\) = F(a)u18 =
F(a)uaf = F(aXz). Since F is faithful, we get a\; = a2 so that the monic
property of « yields A\; = Aa. Consequently, 115 = F(A\1) = F(\2) = paf
and, since (3 is epic (Theorems 2.5.1 and 2.4.1) we get pu; = po. Therefore,
F(«) is monic. An analogous proof shows that F' preserves epics and hence
bimorphisms. This proves (i).

Now assume that F' is faithful and let @ : a — b be a morphism in C
such that F(a) : F(a) — F(b) is monic. We claim that « is monic. Let
AL, A2 : ¢ — a be morphisms in C' and assume that alA; = aly. Then
F(a)F (A1) = F(aA1) = F(a)2) = F(a)F()\2) so that the monic property of
F(a) yields F'(A1) = F(A2). Since F is faithful, we get A\ = Aa. Therefore,
« is monic. An analogous proof shows that F' reflects epics and hence
bimorphisms. This proves (ii). O

We end this section by giving examples to show that functors might not
behave as expected.

4.2.5 Example (Image of functor not a subcategory) Let C' and D be the
categories depicted on the left and right, respectively (identity morphisms
not shown):

a c T—>Yy—>z

7

by

Let FF : C — D be the functor determined by the object map a — z,
b1,b2 — y, ¢ — z. The morphisms x — y and y — z are in the image of F/,
but their composition is not. Therefore, the image of F' is not a subcategory
of D. O

The following example shows that a faithful functor is not necessarily injec-
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tive as an object map, nor as a morphism map. It also shows that a full
functor is not necessarily surjective as an object map, nor as a morphism
map.

4.2.6 Example Let C be the following category:

Let F' : C — C be the functor determined by the object map z,y — =.
Then F is faithful and full, but as a map of objects or a map of morphisms,
it is neither injective nor surjective.

Here are less trivial examples: If (C, F) is a concrete category, then F' : C' —
Set is faithful, but not necessarily injective on objects or morphisms (e.g.,
F : Top — Set, forgetful functor). If C is a full subcategory of a category
D, then the inclusion functor C' — D is full but not necessarily surjective
on objects or morphisms (e.g., Ab — Grp). O

4.3 Category of small categories

A category is small if its class of objects is actually a set. For example,
the category associated with a preordered set (Example 1.3.3) is small, as
is the category Matp (Example 1.3.5). On the other hand, the categories
Set, Grp, Ring, pMod, Top are not small.

We get a category Cat by taking as objects all small categories, as mor-
phisms between the objects C' and D all functors from C to D, and as
composition of morphisms composition of functors. For an object C, the
identity morphism 1 is the functor that sends each object to itself and
each morphism to itself.

It is not possible to form a category by taking as objects all categories
because this collection is not a class as required by the definition of category.

Notions defined for categories in general can be studied in the case of Cat.
For instance, the following example shows the existence of a product of any
two objects of this category. The construction does not require that the
given categories be small.

4.3.1 Example (Product of categories) Let C; and Cy be categories. The
Cartesian product of C; and Cs is the category C' = 'y x Cs having as
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objects all pairs (z1,z2) with z; € C; (i = 1,2) and as morphisms from
(x1,x2) to (y1,y2) all pairs (aq, ag) with «; : ; — y; (i = 1,2) morphisms,
and with composition given by (81, 82)(a1, a2) = (Braq, faa2).

For each i, let F; : C' — C; be the functor defined on objects by F;((x1,x2)) =
x; and on morphisms by F;((a1,a2)) = a.

If (1 and Cs are small, and therefore objects of Cat, their Cartesian product
C = C} x (s is also small and the pair (C,{F;}) is a product of the family
{C1, C5} in the category Cat.

(This construction extends to the case of an arbitrary family {C;};cr of
categories in a fashion analogous to the construction in Example 3.3.1.)
O

4.4 Contravariant functor

Let C and D be categories. A contravariant functor from C to D is a
function that sends each object z of C' to an object F(x) of D and sends
each morphism « in C' to a morphism F(«) in D such that the following
hold:

(i) If @ : x — y is a morphism in C, then F(a) : F(y) — F(x),

(ii) F(Ba) = F(a)F(B) for all morphisms « and S in C for which Sa is
defined.

(iii) F(1¢) = 1p() for each c € C.

(Note the reversals in (i) and (ii).)

The functor of Section 4.1 is sometimes referred to as a “covariant functor”
to distinguish it from a contravariant functor. The notation F': C' — D is
used for both types of functors.

4.4.1 Example (Contravariant Hom functor) Let C be a category and let
¢ be a fixed object of C. We get a contravariant functor F' : C' — Set as
follows: For an object = of C' we put F(x) = C(x,c) and for a morphism
a:xz — yin C we define F(«) : F(y) — F(x) (that is, F(«a) : C(y,c) —
C(z,c)) by F(a)(8) = Ba. This contravariant functor is the contravariant
Hom functor corresponding to ¢ (cf. Example 4.1.2).
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This contravariant functor is often denoted by C(_,c) : C — Set. When
this notation is used, the image of the morphism « : x — y is denoted by
C(a,c), or often more simply by a* (so that a*(8) = S« for a morphism
B:y—c). O

4.4.2 Example (Dual space contravariant functor) Let K be a field and
recall that Vect i denotes the category of vector spaces over K. Since K is
an object of Vectx we can form the contravariant Hom functor correspond-
ing to K, namely, Vectx(_,K) : Vectx — Set (see Example 4.4.1). This
contravariant functor is usually denoted by * : Vectx — Set with object
map V — V* and morphism map a +— «a*. Note that (Sa)* = o*5* for any
morphisms « and § for which the composition on the left is defined.

For a vector space V, the set V* = Vectx(V, K) of linear transformations
from V to K is a vector space: For a, 3 € V* and s € K the map o + (3 is
defined by (a+ f)(v) = a(v) + f(v) and the map s« is defined by (sa)(v) =
sa(v) (v € V). Moreover, if a : V. — W is a linear transformation, then
o : W* — V* (given by o*(f) = Sa) is linear. Therefore, the contravariant
functor * actually maps into the category Vectg, that is, * : Vecty —
Vecty. This is the dual space contravariant functor. ]

4.4.3 Example (Contravariant power set functor) The contravariant
power set functor P’ : Set — Set is defined as follows: For an object X,
put

PI(X)={5]S C X}

(the power set of X), and for a morphism « : X — Y define P'(«) : P'(Y) —
P'(X) by P'(a)(T) = a~[T]. (Cf. Example 4.1.4.) O

)

We introduce the notion of “opposite category’
interpretation of a contravariant functor.

in order to give another

The opposite category of the category C' is the category C°P with objects
the same as the objects of C', but with arrows and composition reversed:

(i) Co = C;
(ii) For z,y € C°P, C°P(x,y) = C(y, v);

(iii) For morphisms « and § in C°P, the composition S in CP is the
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composition af in C' (when defined).

A contravariant functor F': C'— D can be regarded as a (covariant) functor
F : C° — D (same object map and same morphism map), and vice versa.

Finally, if & : X — Y is a morphism in the category Set, then the morphism
a:Y — X in Set® is not a function from Y to X in general. Because of
this, the following result might be unexpected.

4.4.4 Theorem. If (C, F) is a concrete category, then (C°P, F') is a con-
crete category for some (faithful) functor F': C°P — Set.

Proof. Let (C, F) be a concrete category. The functor F': C' — Set induces
a faithful (covariant) functor F': C°? — Set°? (same object map and same
morphism map). The contravariant power set functor P’ of Example 4.4.3
can be regarded as a covariant functor P’ : Set®® — Set.

Claim: P’ is faithful. Let o, 8 : Y — X be morphisms in Set°? and assume
that a # §. Then the functions o, 5 : X — Y are not equal, implying that
a(xz) # B(x) for some z € X. Putting T = Y\{«a(z)} € P'(Y) we have
r ¢ a ' T] = P'(a)(T), but x € B~LT] = P'(B)(T). Hence P'(a)(T) #
P'(B)(T), yielding P'(a) # P'(B). The claim follows.

Finally, the composition F/ = P'F : C°? — Set is a faithful functor as
desired. ]

4.5 Isomorphic categories

Although it is not possible, due to Russell’s paradox, to form the “category
of all categories” (with functors as morphisms), such a visualization at least
suggests useful notions, such as the following.

A functor F' : C — D is an isomorphism if there exists a functor G :
D — C such that GF = 1¢ and FFG = 1p. Two categories C' and D are
isomorphic, written C = D, if there exists an isomorphism C' — D. In the
category Cat of small categories, this definition coincides with the definition
of isomorphic objects (cf. Section 2.5).

4.5.1 Example (zMod = Ab) The forgetful functor F' : zMod — Ab
that sends each Z-module to its underlying abelian group and each morphism
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to itself is an isomorphism. Indeed, in the definition we can take G : Ab —
zMod to be the functor that sends each abelian group to itself viewed as a
Z-module in the natural way and each morphism to itself. O

An isomorphism of categories is seen to be a bijection when viewed just as
a function on objects. In particular, the two categories

1sz lyCy%zglz

are not isomorphic. However, the two objects y and z in the category on
the right are isomorphic since fa = 1, and /8 = 1., so in a sense these cat-
egories are the same (one object, one morphism). There is a relation weaker
than isomorphic that two categories satisfy if they are the same except for
differences due to isomorphisms, such as in this example. A rigorous defini-
tion of this weaker relation, “equivalence of categories,” requires the notion
“natural transformation,” which we turn to next.

4 — Exercises

4-1 Let C be a small category (see Section 4.3). Prove that there exists a
faithful functor /' : C' — Set (so that the pair (C, F) is concrete).

4-2 Let C be a category and let ¢ be a fixed object of C. Prove that
the (covariant) Hom functor C(c,—) : C — Set preserves pullbacks. (Cf.
Example 4.1.2.)

4-3 Prove the following statements:

(a) A full and essentially surjective functor preserves terminal objects.

(b) A faithful and full functor reflects terminal objects.

(Note: The same statements hold with “initial” replacing “terminal.”)
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5 Natural transformation

5.1 Definition and examples

Let F,G : C — D be two functors. A natural transformation 7, from
the functor F' to the functor G, denoted 7 : F' — G, consists of a family of
morphisms 7, : F'(z) — G(x), one for each object = of C, such that for each
morphism « : x — y in C' the diagram on the right is commutative:

5.1.1 Example (Determinant as natural transformation) Let a: R — S
be a morphism in the category CRing of commutative rings with identity
(so in particular a(1) = 1). For any positive integer n we get an induced
group homomorphism ¢, : GL, (R) — GL,(S) given by ¢q([ai;]) = [a(aij)]
(i.e., apply « to each matrix entry). (Here, GL,(R) denotes the group of all
invertible n X n matrices over R, which is the same as the group of all n x n
matrices over R having determinant a unit in R.)

Fix a positive integer n. Define a functor F' : CRing — Grp by F(R) =
GL,(R), F(a) = @q. Also, define a functor G : CRing — Grp by
G(R) = R*, G(a) = a|gx, where R* denotes the group of units of R under
multiplication and o : R — S is a morphism in CRing. For an object R of
CRing let ng = detg : GL,(R) — R* be the determinant function.

We claim that n : FF — G is a natural transformation. Let v : R — S be a
morphism in CRing. The diagram in the definition is

det R
—_—

R GL.(R) R*

I e
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For any A = [a;;] € GL,(R) we have, using that a(£1) = +1,

n

alpxdetr(A) = a( Z sgn(a)Haw(i)> = Z sgn(o) Ha(aia(i))
i=1

0ESh oESy =1
== detSSch (A)7
where S, is the symmetric group on {1,...,n} and sgn(o) is 1 or —1 accord-
ing as o is even or odd. Therefore, a|px detp = detg ¢, and the diagram
on the right is commutative as desired. O

5.1.2 Example (Double dual vector space) Let K be a field. For a vector
space V over K, denote by V* the dual space of V (cf. Example 4.4.2).
Thus, V* is the vector space of all linear maps V' — K. For a linear map
a:V — W, the dual map o : W* — V* is defined by a*(f) = fa. Note
that for such an a we have o** : V** — W**,

Define a functor G : Vectxy — Vectx by G(V) = V** G(a) = o™, and
let F': Vecty — Vecty be the identity functor. For a vector space V let
ny : V. — V** be the linear map given by [nv(v)](f) = f(v).

We claim that n : F' — G is a natural transformation. Let ao: V — W be a
linear map. The diagram in the definition is

1% | 7L Ve
% W —— W** .
nw

For every v € V and f € W* we have

[y ()](f) = v (0)a”](f) = [nv ()](a”(f)) = " (f)(v)
= (fa)(v) = f((v)) = [nw (@()](f) = nwa()](f)-

Therefore, a**ny = nya and the diagram on the right is commutative as
desired. ]

5.2 Functor category

Let C' and D be categories. Let F,G,H : C — D be three functors from C
to D and let n: F' — G, 6 : G — H be natural transformations. We define
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the composition 0y : F' — H by (6n), = 01, (z € C). This composition is
a natural transformation since for any morphism « : x — y in C the large
rectangle in the diagram on the right is commutative:

y) == Gy) —= H(y) -

Composition of natural transformations defined this way is associative (since
it is associative objectwise).

For any functor F': C'— D we get a natural transformation 1y : F' — F by
defining (1r): = 1p@) @ F'(x) = F(x) (z € C); this natural transformation
is the identity natural transformation on F.

Assume that C' is small, meaning that its class of objects is a set. The
functor category D€ from C to D is the category with objects all functors
from C to D and morphisms from the object F' to the object G the set of
all natural transformations from F' to G (our assumption that C is small
guarantees that this collection is actually a set). Composition of morphisms
is as defined above. In particular, identity morphisms exist as required.

5.2.1 Example In this example, we define the category of linear represen-
tations of a group and show that it can be regarded as a functor category.

Let G be a group and let K be a field. A homomorphism p : G — GL(V),
with V' a vector space over K, is called a K-linear representation of G.
The collection of all such is the class of objects of a category Repg(G).
A morphism ¢ : p — p’ from the object p : G — GL(V) to the object
p': G — GL(V’) in this category is a linear map ¢ : V — V'’ such that
ep(g) = p'(g)p for all g € G. (One can regard V as a G-set with action
gv = p(g9)(v) (9 € G, v € V) and similarly for V’/. Then the morphism
¢ satisfies p(gv) = gp(v) for all ¢ € G and v € V| that is, it is a G-
homomorphism.)

Let C' = Cg be the category associated with the group G as in Example
1.3.6. This category has a single object e and C'(e,®) = G. Put D = Vectg.
Let F be an object of the functor category D€, that is, a functor from C' to
D. Put V = F(e) (= a vector space over K). Since F is a functor, it follows
that its restriction to morphisms is a group homomorphism F' : G — GL(V),
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that is, an object of Repy(G).

Let F’ be another object of D¢ and put V' = F’(e). Let n: F — F’ be
a morphism in DY, i.e., a natural transformation from F to F’, and put
= ne. For each g € G, commutativity of the diagram on the right

o |y v

gl F(g)i iF’(g)
[ ] /
\% — 1%

says that ¢ is a morphism in Repy (G) from F to F’. In short, the functor
category D€ is essentially the category of K-linear representations of G.
O

5.3 Natural isomorphism

Let F,G : C — D be two functors and let n : F' — G be a natural transfor-
mation. We say that 7 is a natural isomorphism if there exists a natural
transformation 6 : G — F such that 0n = 1p and nf = 1. (In the case that
(' is small, n is a natural isomorphism if and only if it is an isomorphism in
the functor category D.) Equivalently, 7 is a natural isomorphism if and
only if each 1, (z € C) is an isomorphism.

The functors F,G : C — D are isomorphic, written ' =2 G, if there exists
a natural isomorphism from F' to G (which, in the case C is small, is the
same as saying F' and G are isomorphic objects of the functor category DC).

5.3.1 Example The map ny : V — V** of Example 5.1.2 is an isomor-
phism if and only if V' is finite-dimensional, so 7 is not a natural isomorphism
as is. However, if the category Vecty in that example is replaced by the
category of finite-dimensional vector spaces over K, then the resulting 7
will be a natural isomorphism. O

5.3.2 Example Let G be a group. The “opposite group” of G is the
group G°P having the same underlying set as that of G but with operation
a-b=ba (a,b € G?P), where the product on the right is that in G. Let
F : Grp — Grp be the functor given by F(G) = G°?, F(¢) = ¢. For
a group G, define ng : G — G°P by ng(a) = a~!. Then 7 is a natural
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isomorphism from the identity functor on Grp to the functor F. O

5 — Exercises

5-1 The center Z(C) of a category C is the class of all natural trans-
formations 7 : 10 — 1¢, where 1¢ is the identity functor on C. Let R be
a ring with identity and put C = rpMod. Prove that there is a bijection
Z(R) — Z(C), where Z(R) is the center of R, that is, Z(R) = {z € R|zr =
rz for all r € R}.

5—2 Let

G
JC,FVDK

B E

be functors and let n : FF — G be a natural transformation.

(a) Prove that nJ : F'J — GJ given by (nJ)y = 1;() is a natural trans-
formation.

(b) Prove that Kn : KF — KG given by (Kn). = K(7n.) is a natural
transformation.
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6 Equivalence of categories

6.1 Definition and examples

Let C and D be categories. A functor F : C — D is an equivalence if
there exists a functor G : D — C' such that GF =2 1¢ and FG = 1p.

The categories C and D are equivalent if there exists an equivalence from
C to D. This defines an equivalence relation on the collection of categories.

The notion of equivalent categories is weaker than that of isomorphic cate-
gories (i.e., isomorphic categories are equivalent, but not conversely).

6.1.1 Example (Maty is equivalent to FVectyg) Let K be a field. In
this example, we show that the category C' = Matg of Example 1.3.5 and
the category D = FVecty of finite-dimensional vector spaces over K are
equivalent.

We get a functor F' : C' — D by defining F(n) = K" (= space of n-
dimensional column vectors over K) for each object n of C' and F(A) = pa
for each morphism A : n — n/ in C, where g : K" — K "' is the linear map
given by p4(v) = Av.

Choose a basis for each finite-dimensional vector space, with the choice
for each vector space K™ (n € N) being the standard basis. We get a
functor G : D — C by defining G(V) = dim V for each object V' of D and
G(a) = M, for each morphism « : V' — V' in D, where M, is the matrix
of a relative to the chosen bases of V and V.

For a finite-dimensional vector space V, define gy : V- — K4mV by 5y (v) =
[v], where [v] is the coordinate vector of v relative to the chosen basis of
V. We claim that n : 1p — F'G is a natural isomorphism. Since ny is an
isomorphism for each V it suffices to check the naturality condition. Let
a:V — V' be a morphism in D and put n = dimV, n’ = dim V/. We check
commutativity of the diagram on the right:

v v K
ai al lFG(a)
/ / n’
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For v € V' we have

(nvra)(v) = [a(v)] = Ma[v] = par, ([v]) = (FG(a)nv)(v),

where the second equality uses the definition of M,. Therefore nya =
FG(a)ny as desired. We conclude that FG = 1p.

On the other hand, we have GF' = 1¢ (implying GF = 1¢). Indeed, for n €
C, we have GF(n) = dim K™ = n = 1¢(n) and for a morphism A : n — n/
in C we have GF(A) = M,, = A = 1¢(A), the second equality using our
assumption that the chosen basis for K™ (resp., K ”,) is the standard basis.

We have shown that F': C' — D is an equivalence, so Mat g is equivalent
to FVecty. OJ

6.1.2 Example (Met equivalent to MTop) Here we show that the cate-
gory C' = Met of metric spaces is equivalent to the category D = MTop of
metrizable topological spaces, both with continuous maps as morphisms.

We get a functor F': C' — D by letting F'((X,d)) = (X, 74) for each object
(X,d) of C, where 74 denotes the topology on X induced by the metric d,
and by sending each morphism in C' to itself.

We get a functor G : D — C' by letting G((X, 7)) = (X, d;) for each object
(X, 7) of D, where d; is a choice of metric on X that induces the topology
7 (such a metric exists since (X, 7) is metrizable), and by sending each
morphism in D to itself.

We claim that GF = 1¢. For each object (X, d) of C, the metric d,, induces
the topology 74, which is the topology induced by d. In other words, the
identity map on X is a homeomorphism nx 4y : (X,d) — (X,d,). This
gives a natural isomorphism 7 : 1c — GF', the naturality following at once

from the fact that each component map 7y ) is the identity. We conclude
that GF = 1.

On the other hand, we have F'G = 1p (so that F'G = 1p). Indeed, for
an object (X,7) of D, the topology 74, equals 7 by the definitions, so
FG((X,7)) = (X,73,) = (X,7) = 1p((X,7)).

We have shown that F' is an equivalence, so Met and MTop are equivalent.
O
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6.2 Characterization of Equivalence

Recall (Section 4.2) that a functor F': C'— D is essentially surjective if
each object of D is isomorphic to F'(z) for some z € C.

6.2.1 Theorem. A functor is an equivalence if and only if it is faithful,
full, and essentially surjective.

Proof. Let F: C'— D be a functor.

(=) Assume that F' is an equivalence, so that there exists a functor G :
D — C and natural isomorphisms 1 : GF — 1¢ and 6§ : FG — 1p.

We first prove that F' is faithful. Let aq,as : £ — y be morphisms in C' and
assume that F(«;) = F(ag). The diagram on the right is commutative for
each i =1,2:

x GF(z) X
aii GF(OAL)\L lai
Y GF(y) e Y-

We have a1, = 1,GF(a1) = nyGF(a2) = aan,. Since 1, is an isomorphism
and hence epic (Theorems 2.5.1 and 2.4.1), we get a; = o, so F' is faithful.
For future reference, we observe that a similar proof shows that G is faithful
as well.

Now we show that F' is full. Let z,y € C and let g : F(x) — F(y) be
a morphism in D. Put o = 1,G(B)n, . From the commutativity of the
diagram on the right

x GF(z) sy
O‘i GF(a)l J{a
Y GF(y) Y

we get 1,G(S) = an, = nyGF(«). Since n, is an isomorphism, it is monic,
giving G(f8) = G(F(a)). As observed above, the functor G is faithful, so
B = F(«), and thus F' is full.

Finally, if d is an object of D, then ¢ := G(d) is an object of C' and d =
1p(d) = F(G(d)) = F(c), the isomorphism being given by 6;'. Hence, F is
essentially surjective.
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(<) Assume that F' is faithful, full, and essentially surjective. Due to this
last property, for every object d of D there exists an object G(d) of C' and
an isomorphism 64 : F(G(d)) — d. Let f: © — y be a morphism in D. We
have 9;16093 : F(G(z)) = F(G(y)), so there exists (F is full) a unique (F' is
faithful) morphism G(8) : G(x) — G(y) such that F(G(8)) = 0, ' 6,. This
gives commutativity of the diagram on the right:

x FG(CIT)LJ/‘
ﬁl FG(ﬁ)l lﬁ
Y FG(?J)T>Z/~

Yy

So far we have a map G : D — C of categories. We claim that G is a functor.
Given morphisms a: x — y and 8 :y — z in D, we have

F(G(B)G(a)) = FG(B)FG (o) = 080,06, b,
= 0. 'Bab, = F(G(Ba)),

so G(Ba) = G(B)G(a), since F is faithful. Also, for every object d of D we
have
F(G(1a)) = 071404 = 1pg@a) = F(lg),

so G(14) = 1g(q), using again that I is faithful. Therefore, G is a functor,
and the forgoing discussion shows that 6 : FG — 1p is a natural isomor-
phism, giving FG = 1p.

Finally, we show that GF' = 1¢. For an object ¢ of C' we have Op(,) :
FGF(c) — F(c), so there exists a unique morphism 7. : GF(¢) — ¢ such
that F'(n.) = 0p() since I is faithful and full. Note that for each ¢ € C the
morphism 7, is an isomorphism since 0 is an isomorphism and F', being
faithful and full, reflects isomorphisms (Theorem 4.2.2). For a morphism
a:x — yin C, if we apply the functor F' to the diagram on the right

x GF(z) X

2 o or
O‘l G’F(a)l la
Ty y

4 GF(y)

we get a commutative diagram since 6 : FFG — 1p is a natural transforma-
tion. But F is faithful so it reflects commutative diagrams (Theorem 4.2.1),
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so the diagram on the right above is commutative as well. We conclude that
n: GF — 1¢ is a natural isomorphism, so that GF = 1¢.

Therefore, F' is an equivalence. O

6.2.2 Corollary. An equivalence of categories preserves and reflects the
following: monics, epics, bimorphisms, split monics, split epics, isomor-
phisms, and commutative diagrams.

6.3 Skeleton of category

A category C is skeletal if a morphism a : z — y in C' is an isomorphism
only if x =y, i.e., if no two distinct objects of C are isomorphic.

6.3.1 Theorem. Two skeletal categories are equivalent if and only if they
are isomorphic.

Proof. Let C and D be skeletal categories.

Assume that C' and D are equivalent. Then there exist functors F : C — D
and G : D — C and natural isomorphisms n : GF — 1¢ and 6 : FG — 1p.
For every object ¢ of C' the morphism 7. : GF(c) — ¢ is an isomorphism,
so GF(c) = c since C is skeletal. Similarly, using 0 we get FG(d) = d for
every object d of D. Therefore, as a map of objects F' is a bijection and G
is its inverse.

Let G’ : D — C be the same as G on objects and for a morphism 8 :x — y
in D let G'(8) = 16(,)G(B)11g(,)- In this definition, the codomain of 75/,
is GFG(r) = G(z) and the domain of ngy,) is GFG(y) = G(y), so the
indicated composition is defined. A routine check shows that G’ is a functor.
For any morphism « : a — b in C' we have

G'F(a) = G'(F(a)) = mGF(a)ng ' = a,

using that n : GF — 1¢ is a natural transformation for the last equality. Let
B : x — y be a morphism in D. Since x = F(G(z)) and y = F(G(y)) and the
functor F' is full (Theorem 6.2.1), there exists a morphism «a : G(z) — G(y)
in C such that F(a) = 8. Using the equation above we get

FG'(B) = FG'F(a) = F(a) = B.
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We conclude that G'F = 1¢ and FFG' = 1p, so C is isomorphic to D.
The converse is immediate. O
A skeleton of a category C' is a full subcategory Cy of C that is skeletal

and has the property that each object of C' is isomorphic to some object of
Co.

6.3.2 Theorem. Let C' be a category.

(i) C has a skeleton.

(ii) C is equivalent to each of its skeletons.

Proof. (i) Form a class Cy by choosing an object from each isomorphism class
of objects in C. (This requires the axiom of choice.) The full subcategory
of C with object class Cj is a skeleton of C.

(ii) Let Cp be a skeleton of C. The inclusion functor F': Cy — C' is faithful
(as is any inclusion functor) and it is full and essentially surjective by the
definition of skeleton. By Theorem 6.2.1, F' is an equivalence so that Cy and
C' are equivalent. O

The following corollary says roughly that two categories are equivalent if and
only if they are identical except possibly for differences due to isomorphisms
between objects.

6.3.3 Corollary. Two categories are equivalent if and only if they have
isomorphic skeletons.

Proof. This follows immediately from Theorems 6.3.2 and 6.3.1 using tran-
sitivity of equivalence. O

6 — Exercises

6—1 Prove that a composition of equivalences is an equivalence.
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6—2 For a functor F' : C — D and a small category A define a functor
FA . C4 = DA by FA(f) = Ff for f € C4 and FA(v), = F(v,) for v a
morphism in C*. Prove that a functor F is an equivalence if and only if F4
is an equivalence for each small category A.

64



7 Universal

7.1 Motivation

Let V be a vector space over a field K and let X be a basis of V. A fact
from elementary linear algebra is that if W is a vector space and oo : X — W
is a function, then there exists a unique linear map v : V' — W that extends
a. The map v is given by v(3_,cx az2) = > cx az(x), for any scalars
ay € K with a, = 0 for all but finitely many =«.

We can state this fact using category terms. Let F': Vectx — Set be the
forgetful functor and let ¢ : X — F(V') be the inclusion map. The fact just
stated can be expressed as follows: For the object X of Set, the pair (V,¢),
with V' an object of Vectx and ¢ : X — F(V) a morphism in Set, has the
property that for any object W of Vect g and any morphism o : X — F(W)
in Set, there exists a unique morphism v : V — W in Vectx such that the
diagram on the right

Iy

1% - W F(V)

is commutative, that is, F(y)t = a.

7.2 Universal from object to functor

Let F' : C — D be a functor and let d be an object of D. Let (d | F)
be the auxiliary category having as objects all pairs (z,«) with € C and
a:d— F(z) a morphism in D, and with morphisms from the object (x, @)
to the object (y,) being all morphisms v :  — y in C such that the
diagram on the right

F

92
Fy)
N
d
is commutative, that is, such that F(y)a = . This category (d | F) is

called a comma category (terminology due to a notation that is no longer
in use).
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An initial object (u,t) of (d | F) is called a universal from d to F. By
definition such an object has the property that for any object (¢, «) of (d | F)
there exists a unique morphism ~ : v — ¢ in C such that the diagram on
the right

Iy

is commutative, that is, such that F(v). = a.

By Theorem 3.1.2 a universal from d to F' is unique up to isomorphism in

(d ] F).

7.2.1 Examples (Free objects) When C' is a concrete category and F' :
C — Set is the forgetful functor, a universal (U, ¢) from a set X to F is said
to be a free object on the set X. Here are a few examples:

o (C = Set) Let X be aset. Let U = X and let ¢« : X — F(U) be the
identity map. Then (U, ) is a free object on the set X in the category
Set.

e (C = gpMod) Let R be a ring with identity and let X be a set. Let
U = @, cx Re, where R, = R for each = (see Example 3.4.3). Define
t: X = F(U) by t(z)y = 64y (Kronecker delta). Then (U,¢) is a free
object on the set X in the category pkMod. For an R-module M and
a function a : X — F(M) the required homomorphism v : U — M
is given by v(r) = > _cx rza(x). (In the case R is a field, this is the
usual construction of a vector space having the given set X as a basis
and the universal mapping property described in Section 7.1.)

e (C = Top) Let X be a set. Let U = X endowed with the discrete
topology and let ¢ : X — F(U) be the identity map. Then (U, ) is a
free object on the set X in the category Top.

e (C = Grp) Let X be aset. Let X! = {z7!|x € X} be a set in
one-to-one correspondence with X, the correspondence being given
by =z + x~ 1. Let U be the set of all reduced words wujus - - - u,, with
n € NU{0}, u; € X U X!, where “reduced” means that = is never
adjacent to ~!. The product on U given by juxtaposition followed
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by reduction (i.e., removal of factors = and x~! if side by side) makes
U a group (the associativity property is nontrivial to check). Let
t: X — F(U) be the map ¢(z) = . Then (U, ) is a free object on the
set X in the category Grp. The group U is called the free group on
X.

e (C = CRing) Let X be a set. Let U = Z[X] be the polynomial ring
over Z in the set of indeterminates X and let ¢ : X — F(U) be given
by ¢(z) = x. Then (U,.) is a free object on the set X in the category
CRing. (More generally, if R is any commutative ring with identity
and U = R[X], then (U, ) is a free object on the set X in the category
of commutative R-algebras.)

O]

7.2.2 Example (Field of Quotients) Let R be an integral domain and let
Q(R) be the field of quotients of R. Thus, Q(R) = {r/s|r,s € R, s #
0} with r/s = t/u if and only if ru = st and with usual addition and
multiplication of fractions. Define ¢ : R — Q(R) by «(r) = r/1.

The pair (Q(R),t) satisfies the following property: If K is a field and « :
R — K is an injective ring homomorphism (sending identity to identity),
then there is a unique field homomorphism v : Q(R) — K, given by y(r/s) =
a(r)/a(s), such that y¢ = «. In other words, the pair (Q(R), ¢) is a universal
from R to the forgetful functor from the category of fields to the category
of integral domains with injective homomorphisms as morphisms. O

7.3 Universal from functor to object

Let G : D — C be a functor and let ¢ be an object of C. Let (G | ¢)
be the auxiliary category having as objects all pairs (z, ) with z € D and
a : G(z) = ¢ a morphism in C, and with morphisms from the object (x, «)
to the object (y,) being all morphisms v : x — y in D such that the
diagram on the left
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is commutative, that is, such that SG(y) = a.

A terminal object (u,m) of (G | c¢) is called a universal from G to c.
By definition such an object has the property that for any object (d,«) of
(G | ¢) there exists a unique morphism v : d — u in D such that the diagram
on the left

> G(u) d o > 1

is commutative, that is, such that 7G(vy) = a.

By Theorem 3.1.2 a universal from G to c¢ is unique up to isomorphism in

(G o).

7.3.1 Example (Cartesian product as universal) Let D be a category.
The product category D x D was defined in Section 4.3.1. The “diagonal”
functor A : D — D x D is defined on objects by A(z) = (z,z) and on
morphisms by A(a) = (a, a).

Now assume D = Set. Let X; and X3 be sets, put X = X; x Xo, and
let m : X — X; (i = 1,2) be the usual projections. We have a morphism
m = (m,m2): (X,X)— (X1,X9)in D x D.

Claim: The pair (X, 7) is a universal from the functor A to the object
(X1, X2) of D x D. First note that 7 is indeed a morphism from A(X) to
the object (X1, X2) as required in the definition. Let Y be a set and let
a: A(Y) — (X1, X2) be amorphism in D x D. Then a = (a1, ag) for some
maps «; : Y — X; (i = 1,2). Now using the fact that the pair (X, {m;})
is a product of the family {X7, Xo} (see Example 3.3.1), we get a unique
map 7 : Y — X such that mv = «o; (i = 1,2), in other words, such that
TA(y) = (m1,m2)(7,7) = (m17,m2y) = (a1,a2) = a. This establishes the
claim.

(An analogous argument shows that a Cartesian product in any of the cat-
egories Grp, Rng, RMod, and Top can be regarded as a universal.) ]

7 — Exercises
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7—1 Prove that for every group G there exists a universal from G to the
inclusion functor F' : Ab — Grp.
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8 Limit and colimit

8.1 Limit

Let FF : I — C be a fixed functor. In this section, we use the notation
i — F; and a — F, for the object and morphism maps, respectively, of F
and regard {F;}icr as a family of objects of C' indexed by the objects of I.
In the applications, the class of objects of I is usually a set (i.e., I is small)
and this set is often even finite.

A cone to F is a pair (z,n) with x an object of C' and n a family of
morphisms 7; : * — Fj;, one for each object 7 of I, such that for each
morphism 7 : ¢ — j in I the diagram on the right

L
j N

is commutative, that is, F7n; = n;.

Let D = Dy, be the auxiliary category having as objects all cones to F' and
as morphisms from the cone (z,7) to the cone (y, ) all morphisms «: x — y
in C' such that for each ¢ € I the diagram

a

N

F;

X

is commutative, that is, ;a = ;.

A terminal object (u,7) of the category D is a limit of the functor F. By
definition, such an object has the property that for any cone (x,7n) to F
there exists a unique morphism = : * — u such that the diagram

Iy
T > 1
N
F;
is commutative, that is, m;y = n;.
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The object portion w of a limit (u,7) of F is often written lim F. The
following visualization of a limit (u, ) of F' is sometimes useful:

ni F; {
7
Il
X > U F-
\Q\
nj .
7 1

8.1.1 Example (Product as limit) Let {¢;}icr be a family of objects in
the category C. Regard the set I as a discrete category (i.e., no nonidentity
morphisms). We get a functor F': I — C with object map i — ¢; and with
morphism map sending identities to identities. An object (x,n) in Dy, (i.e.,
a cone to F') is also an object of the auxiliary category Dy, in the definition
of product of the family, and vice versa. Moreover, a morphism in C' is a
morphism in Dy, if and only if it is a morphism in D,. It follows that
these two auxiliary categories are identical so that an object is a limit of F
if and only if it is a product of the family {¢;}. O

8.1.2 Example (Pullback as limit) Let A\; and Ay be morphisms in the
category C' as shown on the left below. Let I be the category with object
class {1,2,3} and morphisms 71 : 1 — 3 and 7 : 2 — 3 (along with identity
morphisms) as shown on the right:

F
V2SN
as 2
i)\z lTQ
a) —=a
1 )\1 3 1?3

We get a functor F' : I — C with object map i — a; and morphism map
7i = Aj (j = 1,2) (sending identities to identities). If (x,7) is an object of
Dy (i.e., a cone to F),

2
T ——> a9

N

ai > as
A1
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then A\1m = n3 = Aama, so (x, (n1,7m2)) is an object of the auxiliary category
Dy, in the definition of pullback of the pair (A1, A2).

Conversely, an object (z, (n1,72)) of Dy, determines an object (z,7) of Diim
with 73 = A1 (= Aan2). Moreover, a morphism in C' is a morphism in
Dy, if and only if it is a morphism in Dpy,. This shows that the categories
Diimy, and Dy, are isomorphic and hence can be identified. Under this iden-
tification, an object is a limit of F' if and only if it is a pullback of the pair
(A1, A2). O

A similar argument (Exercise 8-1) shows that an equalizer can be construed
as a limit.

We say that the category C is small complete if for each functor F': I — C
with I small there exists a limit of F.

8.1.3 Example (Set is small complete) Let I be a small category and let
F : I — Set be a functor. Put P = [[,.; F;. Define

U ={z € P|F;mi(z) = mj(x) for every morphism 7 :¢ — j in I},

where m; : P — F; (i € I) is the projection map. For each i € I, let
7; : U — F; be the restriction of m; to U.

Claim: The pair (U, 7) is a limit of F. It is immediate from the definition
of U that (U, 7) is a cone to F. Let (X,n) be a cone to F. Since the pair
(P,{m;}) is a product in the category Set (see Example 3.3.1) there exists a
unique map « : X — P such that m;a = n; for each i. For each x € X and
morphism 7 :4 — 7 in I, we have

FTWi(Oé(I)) = FTT]i(:'U) = nj($) = Wj(a(x))v

so a maps into U and therefore provides the unique morphism in Dy, from
(X,n) to (U, 7) required in the definition. This establishes the claim. [

8.1.4 Example (Grp, Rng, pMod, and Top are small complete) Let
F : I — C be a functor with I small and C' one of the indicated categories.
A limit of F' is constructed just as in Example 8.1.3 with the aid of either
Example 3.3.2 or Example 3.3.3, which shows the existence of products in
C. All that needs to be checked is that U is a subobject of P and that
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the restrictions 7; of the projections are morphisms, and these checks are
routine. (In the case C' = Top, the subset U is given the subspace topology
and this guarantees that the maps @; are continuous.) O

8.1.5 Example (Ring of r-adic integers) Let I be the set N = {1,2,...}
of natural numbers viewed as a category as in Example 1.3.3 using the usual
order. Fix r € N. We get a functor F : I°® — Rng by sending an object ¢
of I to the ring Z /r'Z and sending a morphism j — i of I°P (so i < j) to the
homomorphism #;; : Z/r?Z — Z/r'Z induced by the canonical epimorphism
Z — 7/r7Z.

As in 8.1.3, put P =[], Z/r'Z. The set U of that example is
Z, = {z € P|rijjmj(z) = mi(x) for all i < j}.

It is immediate from the fact that the maps m; and x;; are homomorphisms
that Z, is a subring of P, and the argument in Example 8.1.3 shows that
(Z,,7) is a limit of F. The ring Z, is called the ring of r-adic integers.

We briefly describe a common notation used for the elements of Z,, which
facilitates computations: For each i, the ring Z /r'Z identifies naturally with
the ring {0,1,2,...,7° — 1} under addition and multiplication modulo 7.
Each element of this latter set can be written in the form 22;10 dyrk for
unique integers 0 < di < 7, and abbreviated as d;_1d;—2---didyg. With
these identifications it follows from the definition that Z, is the set of all
sequences of the form (do,d1do,dadidp,...) (0 < d; < r). The “r-adic
representation” of such a sequence is ---d; - - - dodydp; the d; are referred to
as “digits.” An example of a 5-adic representation is - --4242301.

The map Z — P induced by the canonical maps Z — Z/r'Z (i > 1) is an
injective ring homomorphism into Z.. We use it to identify Z as a subring
of Z,. For instance, we have the 3-adic representations 17 = --- 00122 and
—2 = .--2221. The nonnegative integers are precisely those elements of L
having r-adic representations in which all but finitely many digits equal 0,
while the negative integers are precisely those having r-adic representations
in which all but finitely many digits equal » — 1.

Addition in Z, follows the usual rule involving carrying. For instance, adding
the 3-adic representations of 17 and —2 given above, we get - - - 00120, which
is the 3-adic representation of 15. Multiplication is also carried out using
the usual algorithm. O
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8.2 Limit as universal

In this section we show that a limit (u,n) of a functor F' : I — C with I
small can be construed as a universal from a functor to an object.

Let I and C be categories with I small. Recall (Section 5.2) that C7 de-
notes the functor category, with functors F': I — C as objects and natural
transformations between functors as morphisms.

We define a functor A : C — C', called the “diagonal functor” as follows:
As a map of objects /A sends an object ¢ of C to the constant functor from
I to C determined by ¢ (see Example 4.1.6). Thus, for each object ¢ of C
we have A(c); = ¢ for all ¢ € I and A(c); = 1. for each morphism 7 :7 — j
in I. As a map of morphisms, A sends each morphism « : ¢ = d in C to the
constant natural transformation A(a) : A(e) — A(d) given by Ala); = «
for all ¢ € I.

(When [ is the discrete category with two objects, the functor category C!
is isomorphic to the Cartesian product C' x C' and the diagonal functor here
coincides with the diagonal functor A : C' — C x C of Example 7.3.1.)

8.2.1 Theorem. A pair (u,7) with u an object of C and m; : u — F;
(1 € I) morphisms in C is a limit of F' if and only if it is a universal from
the functor I\ : C — C! to the object F of C.

Proof. Let Dyniv be the comma category (A | F), which is the auxiliary
category in the definition of universal from the functor A : C — C! to
the object F' (see Section 7.3). Let Dy, be the auxiliary category in the
definition of limit of the functor F' (see Section 8.1). We will show that these
categories are identical. Since a limit of F' is a terminal object of Dy;y, and a
universal from the functor A to the object F' is a terminal object of Dypiv,
the claim will follow.

Let (¢,n) be an object of Dy, that is, a cone to F'. Then for every morphism
7 :1— 7 in I the diagram on the right

0

Ik

c——F; .
nj ~J

.
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is commutative since it is essentially the commutative triangle in the defini-
tion of cone. Rewriting this diagram we get a commutative diagram on the
right

i

i A(c); —F;
Ti A(C)T\L lFT
J A(e)j = Fj

for each morphism 7:4 — j in I, so n: A(¢) — F is a natural transforma-
tion, i.e., a morphism in the functor category C!. Therefore, the pair (c,n)
is an object of the category Dyniv. Conversely, these steps can be reversed
to show that an object (¢,n) of the category Dypiv is a cone to F' and hence
an object of the category Dyiy,. This shows that the objects of the categories
Dy and Dypiy coincide.

Next, we show that the morphisms in these two categories coincide. Let
a : ¢ — u be a morphism in C. Then « : (¢,n) — (u,7) is a morphism in
the category Dy, if and only if the diagram

is commutative for each i € I. But saying this diagram is commutative for
each ¢ € I is the same as saying that the diagram

is commutative, which is the same as saying that « : (¢,n) — (u,7) is a
morphism in the category Duniv-

This shows that the categories Dy, and Dyyiy are identical. The theorem
follows. ]

8.3 Limit from products and equalizers

8.3.1 Theorem. A category C is small complete if and only if products
and equalizers exist in C.
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Proof. Let C be a category. If C' is small complete, then products exist in
C by Example 8.1.1 and equalizers exist in C' by Exercise 8-1.

Assume that products and equalizers exist in C'. Let I be a small category
and let F': I — C be a functor. Denote by Mor([) the set of all morphisms
in I (this is indeed a set since I is small) and for 7 : ¢ — j in Mor(I) put
T, = Fj. By assumption, there exists a product ([[7r,{n}) of the family
{1+ } remor(r), and also a product ([ Fi, {m;}) of the family {F;}ics.

For each 7 : 4 — j in Mor(/) we have a morphism 7; as indicated in the
upper triangle in the diagram below, so using the definition of product there
exists A\; as indicated making the triangle commutative. Similarly, for each
7 :4 — j in Mor(I) we have morphisms 7; and F; in the lower right-hand
square and this yields Ao making the square commutative:

F; =T
VN
: I1F e

U )
A ’ A2 4

Pi /

Iy T Tr i—T>]

«

¢ i F Fy Ir =Tj

By assumption, there exists an equalizer (u,¢) of A\; and Ag. For each i € T
put p; = m;e.

Claim: (u, p) is a limit of F. First, for each 7 : ¢ — j in Mor([) we have
FTpZ' = F7—7TZ'[, = 7T7—)\2L = 7T7—)\1L = it = pPj,

so (u,p) is a cone to F. Let (¢,n) be a cone to F. From the definition of
product, we get a morphism « : ¢ — [[ F; such that m;a = n; for each i € I.
For each 7 : 4 — j in Mor(I) we have

7T7—/\1a =T =15 = L)y = FTT('Z'OA = 7['7—)\204,

so by the uniqueness statement in the definition of product we get \ja =
Xoar. Therefore, from the definition of equalizer we get a unique morphism
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~ : ¢ — u such that +yv = a. For each ¢ € I,

pPiY = Ly = T = 1),
so 7 is a morphism in the auxiliary category Dyy,. Let 7' : (¢,n) — (u,p)
be a morphism in Dy;,. For each ¢ € I,

Ty = piy =i = may,

so the uniqueness statement in the definition of product gives 17/ = a. But
then uniqueness of « yields 74/ = . This establishes the claim and completes
the proof. O

8.4 Colimit
In this section, we discuss the notion of “colimit,” which is dual to the notion
of limit.

Let F : I — C be a fixed functor. A cone from F' is a pair (z,n) with =
an object of C' and 7 a family of morphisms 7; : F; — x, one for each object
i of I, such that for each morphism 7 :¢ — j in I the diagram on the right

s 2 i
b
j r

is commutative, that is, n; Fr = ;.

Let D = D¢oim be the auxiliary category having as objects all cones from
F and as morphisms from the cone (z,7) to the cone (y, ) all morphisms
a:x — y in C such that for each ¢ € I the diagram

07

N

F;

X

is commutative, that is, an; = 0;.

An initial object (u,¢) of the category D is a colimit of the functor F'. By
definition, such an object has the property that for any cone (x,7n) from F
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there exists a unique morphism ~ : © — z such that the diagram
Iy
U >
N
F;
is commutative, that is, vi; = n;.

The object portion u of a colimit (u,:) of F is often written lim F. The
following visualization of a colimit (u,¢) of F' is sometimes useful:

{ F; i

X
Iy
Fr u >
Ai/f
F; )

The following characterization of a colimit as a universal is the dual of
Theorem 8.2.1.

.

8.4.1 Theorem. A pair (u,t) with uw an object of C and v; : F; — u (i € I)
morphisms in C' is a colimit of F' if and only if it is a universal from the
object F of C! to the functor A : C — CI.

8.4.2 Example (Coproduct, Pushout, Coequalizer as colimits) A coprod-
uct can be construed as a colimit, the argument being the dual to that in
Example 8.1.1. The same is true for a pushout (cf. Example 8.1.2) and a
coequalizer (cf. Exercise 8-1). O

We say that the category C' is small cocomplete if for each functor F' :
I — C with I small there exists a colimit of F. The following theorem is
dual to Theorem 8.3.1.

8.4.3 Theorem. A category C is small cocomplete if and only if coprod-
ucts and coequalizers exist in C'.
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8.4.4 Example (Set, Top, Grp, and RMod are small cocomplete) Co-
products and coequalizers exist in each of the categories Set, Top, Grp,
and rRMod (see Sections 3.4 and 3.6), so each of these categories is small
cocomplete according to Theorem 8.4.3. With C' denoting any one of these
categories, the object portion of a colimit of a functor F' : I — C (I small)
is obtained as a suitable quotient of a coproduct of the family {F;},c;. O

Sometimes there is an easier description of a colimit than that given in the
preceding example. This is the case in the following example.

8.4.5 Example (Abelian group as colimit of finitely generated subgroups)
Let A be an abelian group. A subgroup B of A is finitely generated if
there exist by,bo,...,b, € B such that B = (by,bs,...,b,) (= intersection
of all subgroups of A containing the set {b1,ba,...,b,}).

Let {F;};csr be the family of all finitely generated subgroups of A. Regard
the set I as a category by letting I(7,7) be the singleton set {i — j} if
F; C Fj and the empty set otherwise. Then we get a functor ' : I — Ab
by i = F; and (¢ = j) — (F; — F}) (inclusion map). For each i € I let
t; » F; — A be the inclusion map.

Claim: (A,¢) is a colimit of the functor F. First, for a morphism 7 : i — j in
I we have F; C F; C A, so ¢;F; = ¢; (composition of inclusion maps equals
inclusion map). Therefore, (A,¢) is a cone from F.

Let (B,n) be a cone from F. Define v : A — B by 7y(a) = n;(a), where
i is any object of I for which a € F;. For a € A we have a € (a) = F;
for some ¢ € I, and if also a € F; with j € I, then F; = (a) C F} so
nj(a) = n;Fr(a) = n;i(a), where 7 : i — j. This shows that v is well-defined.

For a,a’ € A we have (a,a’) = F; for some i € I, so, since a,d’,a + da’ € F;,
we have

Y(a+a') =ni(a+ad) =mni(a) +ni(a') =~(a) +~(d),

implying that v is a morphism in Ab.

For i € I and a € F;, we have yi;(a) = y(a) = n;(a). Therefore, vi; = n; for
each i € I, which shows that v : (A,¢) — (B,n) is a morphism in Deoim.

Finally, let 7' : (A,:) — (B,n) be a morphism in Dgjiy,. Then for a € A we
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have a € (a) = F; for some i € I and

v (a) = v'ti(a) = ni(a) = ~(a),

so that v/ = ~. This establishes the claim and completes the proof. O

8 — Exercises

8-1 Let C be a category and let A1, Ao : @ — b be two morphisms in C.
Prove that an equalizer (p,¢) of Ay and Ay can be construed as a limit of a
suitable functor F'.
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9 Set-valued functor

The focus in this section is the case of a set-valued functor F : C' — Set.
We study, for instance, conditions under which such a functor is isomorphic
to a covariant Hom functor (see Section 9.2).

9.1 Universal element

Let F': C — Set be a functor. Let D = D, be the auxiliary category having
as objects all pairs (z,s) with z € C and s € F(x), and with morphisms
from the object (x,s) to the object (y,t) being all morphisms v : z — y in
C such that F(vy)(s) = t:

~

F(y)

S—>1.

An initial object (u,e) of D is called a universal element of the functor
F'. By definition such an object has the property that for any object (z, s)
of D there exists a unique morphism = : v — = in C such that F(vy)(e) = s:

F(v)

U F(u) > F(x)

el >S.

Sometimes the object u in the definition can be inferred from the element e
(as is the case in the following example). When this happens the element e
is often referred to as a universal element of F', this being the more natural
usage of the term.

9.1.1 Example (Canonical epimorphism as universal element) Let H be
a fixed group and let N be a normal subgroup of H. For a group G put

F(G)={y: H— G| is a homomorphism with keriy O N}

and for a group homomorphism ¢ : G — G’ define F(p) : F(G) — F(G’)
by F(¢)(¥)) = ¢. This defines a functor F' : Grp — Set as is routine to
check. Let 7 : H — H/N be the canonical epimorphism.

Claim: (H/N, ) is a universal element of the functor F. First, kerm = N so
m € F(H/N) implying that (H/N,7) is an object of the auxiliary category
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D = Dy in the definition of universal element. Let (G,v) be an object
of D. We have kerv) O N so by the fundamental homomorphism theorem
there exists a unique homomorphism ~ : H/N — G such that y7 = 9:

H/N 7~a  FHE/N)T
ol > .

Since F(y)(m) = ym = 1 it follows that v : (H/N,7) — (G, ) is a morphism
in the auxiliary category D and it is the unique such. The claim follows.
O

The next theorem shows that a universal element is (essentially) a special
case of a universal from an object to a functor.

9.1.2 Theorem. Let F : C — Set be a functor. If (u,e) is a universal
element of F, then (u,t) is a universal from the singleton set {e} to F,
where ¢ : {8} — F(u) is given by e — e.

Proof. Let (u,e) be a universal element of F' and let ¢ be as described.
Then (u,t) is an object of the auxiliary category Dypiy = ({@} | F) in the
definition of universal from {e} to F. Let (¢,) € Dypniv and put a = «(e).
Then (¢,a) € Dye. For an arbitrary morphism « : u — ¢ in C' we have

v (u,e) = (¢,a) in Dye

’5

)
(7)L(°) ( )
o=

MM

v ('LL, [,) — (C CM) in Dyniy

with corresponding diagrams
g2l F(v)
u—->c F(u) —= F(c)

Flu) —2 P
N A

Since (u,e) is initial in Dy, it follows that (u,¢) is initial in Dyyuiy and the
proof is complete. O
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Conversely, a universal from an object to a functor is a special case of a
universal element, as the next theorem shows.

9.1.3 Theorem. Let F': C' — D be a functor. Let u € C, d € D, and let
t be a morphism in D. The pair (u, 1) is a universal from d to F' if and only
if it is a universal element of the functor D(d, F(_)) : C — Set.

Proof. For simplicity, put G = D(d, F(~)) : C — Set. Let Dyniv = (d | F)
be the auxiliary category in the definition of universal from d to F', and let
Dye be the auxiliary category in the definition of universal element of F.
For ¢ € C, we have a € G(c) if and only if a : d — F(c), so the objects
(¢, ) of the categories Dy and Dyy;y coincide.

Let (¢,) € Dye(= Dyniv). For an arbitrary morphism 7 : v — ¢ in C' we
have

v:(u,t) = (¢,a) in Dypiy <= F(y)=«

= D(d,F(7))() =«

= GH@=a

—  7y:(u,t) = (c,a) in Dye

with corresponding diagrams
wse  Fu)— k) aw) Z% G
\ / L——a.
d

Therefore, (u,¢) is initial in Dyyiy if and only if it is initial in Dye. The claim
follows. O

9.2 Yoneda’s lemma

For functors F' and G, we denote by Nat(F, G) the class of all natural trans-
formations from F' to G.

Let F: C — Set be a functor and fix ¢ € C. Define maps

Y

Nat(C(c,-), F) F(ec)
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by

y(n) = ne(Le), z(e) =",
where 7¢ is the natural transformation with component map corresponding
to x € C given by

1y - Cle,x) = F(x), v F(y)(e).

9.2.1 Theorem (YONEDA’S LEMMA). Let the notation be as above.

(i) The maps

Nat(C(c, ), F) F(c)

z

are well-defined and they are inverses of each other. In particular,
each is a bijection.

(ii) For e € F(c) the corresponding natural transformation z(e) = n° is a
natural isomorphism if and only if the pair (c,e) is a universal element
of F.

Proof. (i) That y is well-defined follows immediately from the definition so
we turn to z. Let e € F(¢). For any morphism « : x — y in C the diagram
on the right is commutative

€

C(c,z) == F(z)

O‘l a*l lF(a)
Y Cley) > F)
since for every v € C(c, z) we have
Fla)nz(v) = F(a)(F(y)(e)) = F(a)F(7)(e) = F(av)(e) = ny(a)
= ny(ax(v)) = mya.(7)

(see Example 4.1.2 for notation). This shows that 7¢ is a natural transforma-
tion and therefore an element of N = Nat(C(c, —), F'), so z is well-defined.

Forne N,z € C, and v : ¢ — = we have

(zy(m)=(7) = 04D () = F(3)(y(n) = F(7)(ne(1e)) = F(7)me(1e)
= 7736'7*(16) = 77:70(7)7
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where the penultimate equality uses naturality of n. Therefore, zy = 1x.
On the other hand, for e € F'(c) we have

(yz)(e) =y(n) = nt(le) = F(lc)(e) = e,
80 Yz = lp(). This completes the proof of (i).

(ii) Let e € F(c). The natural transformation n° is a natural isomorphism
if and only if 1S : C(c,z) — F(z) is bijective for each x € C. This latter
is the case if and only if for each z € C and t € F(z) there exists a unique
morphism 7 : ¢ — z such that ¢t = n5(y) = F(vy)(e), which is to say that
(c,e) is a universal element of F. This completes the proof. O

9.3 Universality via Hom functors

Here, we discuss a special case of Yoneda’s lemma, which we will have use
for later. It provides a characterization of universal from object to functor
much like Yoneda’s lemma characterizes universal element.

Let F: C'— D be a functor and fix ¢ € C' and d € D. Define maps

Nat(C(e, -), D(d, F(-))) D(d, F(c))

by
y(77) = nc(10)7 Z(ﬁ) = 7767

where 7n? is the natural transformation with component map corresponding
to x € C' given by

1y : Cle,x) — D(d, F(z)), 7= F()B.

9.3.1 Corollary. Let the notation be as above.

(i) The maps

Nat(C(c, -), D(d, F(-))) D(d, F(c))

z

are well-defined and they are inverses of each other. In particular,
each is a bijection.
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(ii) For B :d — F(c) the corresponding natural transformation z(3) = n°
is a natural isomorphism if and only if the pair (c, ) is a universal
from d to F.

Proof. (i) Take for F' in Yoneda’s lemma (9.2.1) the functor D(d, F(_)).
The map 75 in that lemma sends ~ to D(d, F(v))(B), which equals F(v)s,

so the two definitions of ng coincide. Part (i) of this corollary now follows

immediately from part (i) of Yoneda’s lemma.

(ii) Let 8 : d — F(c). The natural transformation 7° is a natural iso-
morphism if and only if 75 : C(c,z) — D(d, F(z)) is bijective for each
x € C. This latter is the case if and only if for each z € C and mor-
phism § : d — F(z) there exists a unique morphism « : ¢ — x such that
0= nﬁ(’y) = F(v)B, which is to say that (¢, 8) is a universal from d to F'.
This completes the proof. O

Note that part (ii) also follows from part (ii) of Yoneda’s Lemma and The-
orem 9.1.3.

9.4 Yoneda Embedding

9.4.1 Corollary (YONEDA EMBEDDING). If C is a small category, then
C' is isomorphic to a full subcategory of the functor category (Setc)OP.

Proof. Let C be a small category. We define a functor Y : C' — (Setc)Op
with object map given by Y (¢) = C(c, —).

Fix ¢,d € C and put F = C(c,_) : C — Set. The map z in Yoneda’s
Lemma (9.2.1) gives a bijection

Cle,d) = F(d) 5 Set®(C(d, ), F) = (Set®)P(Y(¢),Y(d)).  (5)

The restriction of Y to C(c,d) is taken to be this map, and since ¢ and d
are arbitrary, this defines Y as a map of morphisms. For « : ¢ — d we have
Y(a)=z(a) =n*:C(d,_) = C(c, ) (in Set®), where

1z (7) = F(7)(a) = C(e,7)() = 1a

forx e C'and v:d — =.
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We claim that Y is a functor. Let o : ¢ = d and 8 : d — e be morphisms in
C. For z € C and v : e — x we have

Ba

n? 8 a, B

() = vBa = mzng (v) = (%"= (7),
so Y(Ba) = n®* = n*n® = Y(B)Y(«), this last composition taken in
(Set®)°P. For ¢,z € C and 7 : ¢ — = we have

N (V) =Vle =7 = lo@en () = (Lo ))2(7),
so Y (1) = nle = Lo(e,_) = ly(c)- Therefore, Y is a functor as claimed.

Since the map given in (5) is a bijection, Y is faithful and full. Moreover,
Y is injective as a map of objects, since, if ¢,d € C and Y(c) = Y(d),
then C(c,¢) = C(d,c), implying ¢ = d (morphism sets are assumed to be
pairwise disjoint). Therefore, restricting the codomain of Y to imY, we get
an isomorphism C' — im Y. Since imY is a full subcategory of (Set®)°P the
proof is complete. O

9.5 Representation

A representation of a set-valued functor F' : C' — Set is a pair (¢, 1),
where ¢ is an object of C' and 1 : C(c, ) — F' is a natural isomorphism. A
functor F' is representable if there exists a representation of F'.

The following corollary of Yoneda’s lemma completely classifies all represen-
tations of a set-valued functor.

9.5.1 Corollary. Let F : C'— Set be a functor.

(i) The representations of F' are precisely the pairs (c,n®) such that (c,e)
is a universal element of F andnt : C(c,x) — F(x) is given by nS(y) =
F()(e)-

(ii) If (¢,n°) and (d,n') are two representations of F, then there exists an
isomorphism o : ¢ — d in C such that F(a)(e) = f.

Proof. (i) Let (¢,n) be a representation of F. We use the notation of
Yoneda’s lemma (9.2.1). Putting e = y(n) we have n° = z(e) = zy(n) = n,
and since 7 is a natural isomorphism, it follows from part (ii) of that Corol-
lary that (c,e) is a universal element of F'. Conversely, if (¢, e) is a universal
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element of F', then n° : C(c, ) — F is a natural isomorphism (again by part
(ii) of that Corollary), so the pair (¢,n°) is a representation of F'.

(ii) Let (¢,n°) and (d, n/) be two representations of F. Then (c,e) and (c, f)
are universal elements of F', that is, initial objects of the auxiliary category
D = Dye in the definition of universal element of F. By Theorem 3.1.2
there exists an isomorphism « : (¢,e) — (¢, f) in D. Then a: ¢ — d is an
isomorphism in C such that F(a)(e) = f. O

9 — Exercises
9-1

(a) Find a representation of the contravariant power set functor (Example
4.4.3) regarded as a covariant functor Set°® — Set (see Section 4.4).

(b) Prove that the (covariant) power set functor (Example 4.1.4) is not
representable.
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10 Adjoint Pair

10.1 Motivation

Let K be a field. For each set X choose a vector space G(X) having basis
X (for instance, one can let G(X) = @,y K;, where K, = K for every
x as in Example 3.4.3), and let tx : X — F(G(X)) be the inclusion map,
where F': Vectyg — Set is the forgetful functor.

For each set X the pair (G(X), tx) is a universal from X to F' (see Example
7.2.1, C = pMod), meaning that for each object V' of Vecty and each
function o : X — F(V) there exists a unique morphism v : G(X) — V such
that F\(v)tx = a:

Gx) v

FG(X)) s F(V)
A

Put another way, for each X € Set and V' € Vecty the map
ox,v : Vectg(G(X),V) — Set(X, F(V))

given by ¢x v (v) = F(v)tx is a bijection.

We can use the universal property to extend the map of objects G : Set —
Vect g to a functor: For a morphism §: X — Y in Set, let G(5) : G(X) —
G(Y) be the unique morphism such that F(G(5))tx = vy f:

cx) - qr F(GT(X)) e >F(GT(Y))
X Y
B

(solet V.= G(Y) and a = 1y above). It is shown in Section 10.3 that G
is indeed a functor and that the bijection ¢x y is natural in each variable
X and V (the precise meaning of this being given below).

The functor G : Set — Vectg is called a “left adjoint” of the functor
F : Vectg — Set (and F' is called a “right adjoint” of G). The pair (G, F)
is referred to as an “adjoint pair.”
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10.2 Hom-set adjunction

Let C and D be categories. A hom-set adjunction from C to D is a triple
(G, F, ), often written ¢ : G 4 F, where ' : C — D and G : D — C are
functors and ¢ : C(G(-),-) — D(_, F(_)) is a natural isomorphism, the
indicated functors being regarded as functors D°P? x C' — Set.

In more detail, the natural isomorphism ¢ in the definition is a family of
isomorphisms
¢ = ¢d.c: C(G(d),c) = D(d, F(c)),

one for each pair d € D, ¢ € C, natural in each variable, meaning that for
fixed d € D and morphism « : ¢ — ¢ in C the diagram on the right is
commutative

c C(G(d), c) 2~ D(d, F(c))
i i l”‘”*
¢ C(G(d),d) — D(d, F(<))

@d,c/

and for fixed ¢ € C' and morphism 3 : d’ — d in D the diagram on the right
is commutative

& C(G(d), ) —2°~ D(d, F(c))

Bi Cﬂﬁﬁl iﬁ*
d

C(G(d),c) —=D(d',F(c)).

Sod’,c

Let ¢ : G 4 F be a hom-set adjunction from C to D. The functor G is a left
adjoint of F' and the functor F' is a right adjoint of G. The pair (G, F)
is an adjoint pair.

It is convenient to have formulas expressing the commutativity of the two
diagrams above. Such formulas are given in the following theorem.

10.2.1 Theorem. Leta:c— ¢ inC and B:d — d in D. The two dia-
grams above are commutative if and only if for every morphism v : G(d) — ¢
the following hold, respectively:

(i) Fla)p(v) = p(a),
(ii) ()8 = e(vG(B)).
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Proof. For every morphism v : G(d) — ¢ we have

F(a)sp(7) = pas(y) <= F(a)(p(7)) = p(ax(7))
= Fla)e(y) = p(ay)
and
Bro(v) = 0G(B) (v) = B (p(7) = o(G(B)* (7))
= p(7)8=p(G(B)),
so the claim follows. O

In the next section we will see that adjoint pairs arise from the existence
of universals. This will allow us to give several examples of adjoint pairs
without even having to exhibit a natural isomorphism ¢ as in the definition.
However, for now we give a classical example with an explicit description of

®.

10.2.2 Example (Adjoint associativity) Let R and S be rings and let L
be an (R, S)-bimodule. We get a functor F': pMod — sMod with object
map F(M) = Hompg(L, M) and a functor G : sMod — rMod with object
map G(N) =L ®g N.

Let N be an S-module and let M be an R-module. Define

$PN,M

Homp(L ®s N, M) Homg (N, Hompg(L, M))
I I

Homp(G(N), M) Homg (N, F(M))

by [enm(f)(n)](1) = f(Il ®n). Then ¢y s is a bijection and it is natural
in the variables N and M as the reader can check. Therefore, ¢ : G 4 F is
a hom-set adjunction. The inverse of ¢y a is given by [pn'1,(9)](l ®n) =

[g(n)] (D).

This relationship between the tensor functor and the hom functor is referred
to as adjoint associativity. O

The following theorem says that a functor having a left adjoint (resp., right
adjoint) can be regarded as a weak equivalence.
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10.2.3 Theorem. Let F : C — D and G : D — C be equivalences with
GF =2 1¢ and FG =2 1p. Then ¢ : G 4 F is a hom-set adjunction from C
to D for some .

Proof. Let d € D and ¢ € C. We have maps
C(G(d),c) —= D(FG(d), F(c)) — D(d, F(c)) .

The first is application of F. It is a bijection since F' is faithful and full
(Theorem 6.2.1). The second uses the isomorphism FG(d) = d and is also
a bijection. The composition ¢g4 . is a bijection and it is natural in both
variables d and ¢ (since FG = 1p is a natural isomorphism). This gives the
desired hom-set adjunction ¢ : G 4 F. O

10.3 Adjoint pair from universals

The following theorem generalizes the construction of Section 10.1.

10.3.1 Theorem. Let F' : C — D be a functor and assume that a uni-
versal (G(d),nq) from d to F exists for each d € D. For a morphism
B:d — din D let GB) : G(d') — G(d) be the unique morphism for
which F(G(B))na = naf. Ford € D and c € C, define pq. : C(G(d),c) —
D(d, F(¢)) by ¢ac(y) = F(v)na-

Then G : D — C' is a functor and ¢ : G 14 F is a hom-set adjunction from
CtoD.

Proof. For a morphism 3 : d’ — d in D the existence of a unique morphism
G(B) : G(d) — G(d) such that F(G(B))ny = naf is guaranteed by the
initial property of the pair (G(d'),ng):

c) - ray FG(d)) - pGa))
Tlnd' TidT
d 3 d

We show that G is a functor. Let ¢ : d’ — d’ and 3 : d’ — d be morphisms
in D. Then

F(G(B)G(6))nar = F(G(B)F(G(8))nar = F(G(B))nard = nabd,
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so by uniqueness we get G(£0) = G(8)G(d). Let d € D. Then

F(lgy)na = Lrand = 1nd = ndld,

so by uniqueness we get G(14) = 1g(q). Therefore, G is a functor.
Fix d € D. For ¢ € C and v : G(d) — ¢ we have

Pdc(v) = F(y)na = nd(v)

where 7 = z(nq) as in Corollary 9.3.1. Therefore ¢4 = 7. Since
(G(d),nq) is a universal from d to F, it follows from part (ii) of that theorem
that pg_ : C(G(d),~) = D(d, F(~)) is a natural isomorphism.

Fix ¢ € C and let 8 : d — d be a morphism in D. For every morphism
v : G(d) — ¢ we have

e(M)B =F(y)naB = F(y)F(GB)ne = F(yG(B))na = ¢(vG(B)),

so ¢_ . is a natural transformation by Theorem 10.2.1.

Therefore, ¢ : G 4 F' is a hom-set adjunction from C to D as claimed. O

Similarly, if the functor G : D — C' has the property that there exists a
universal (F(c),e.) from G to c for every object ¢ of C, then F' is the object
map of a functor F': C'— D such that I is a right adjoint of G.

10.4 Examples

10.4.1 Example (Left adjoints via free objects) In Example 7.2.1, we
listed some concrete categories (C, F') for which a universal (U,:) from X
to F exists for every set X (such a universal is called free on X). In view
of Theorem 10.3.1 we then get a left adjoint G : Set — C of the forgetful
functor F': C' — Set in each of these cases:

C = Set, GX)=X
C = pMod, GX)= @ R, (R, = R Vz), direct sum
zeX

(R is a ring with identity)
C = Top, G(X) = X, with discrete topology
C = Grp, G(X) = free group on X
C = CRing, G(X) = Z[X], polynomial ring over Z in the

set of indeterminates X
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O]

10.4.2 Example (Abelianization functor as left adjoint) For a group H
let HM) denote the commutator subgroup of H (so H (1) is the subgroup
of H generated by all commutators [h, k] = h~'k~'hk with h,k € H). A
standard fact about H() is that it is the smallest normal subgroup of H with
corresponding quotient abelian (i.e., N < H, H/N abelian < H(1) C N).

Let ' : Ab — Grp be the inclusion functor. Let H be a group. Put
G(H) = H/HY € Ab and let 7y : H — H/H®Y = F(G(H)) be the

canonical epimorphism.

Claim: (G(H),7m) is a universal from H to F. Let A be an abelian group
and let « : H — F(A) (= A) be a homomorphism. We have H/kera =
ima < A. In particular, H/ker « is abelian, so that HW C kera. By the
fundamental homomorphism theorem there exists a unique homomorphism
v : H/H (1) — A such that vy = «, that is, a unique homomorphism
v : G(H) — A such that F(y)rg = a. This establishes the claim (cf.
Exercise 7-1).

According to Theorem 10.3.1, we get a functor G : Grp — Ab with ob-
ject map H — H/HW that is a left adjoint of F. The functor G is the
abelianization functor. O

10.4.3 Example (Indiscrete topology) Let G : Top — Set be the forget-
ful functor. For a set X put F(X) = X € Top, where X is endowed with
the indiscrete topology, and let mx : X — X be the identity map. Then
(F(X),mx) is a universal from G to X. By the dual of Theorem 10.3.1 (see
comment following that theorem), we get a functor F' : Set — Top with
object map X +— F(X) that is a right adjoint of G. O

10.4.4 Example (Stone-Cech compactification) Let CompHaus be the
full subcategory of Top consisting of compact Hausdorff spaces and let F' :
CompHaus — Top be the inclusion functor. For arbitrary X € Top
there exists a universal (G(X),tx) from X to F, called the Stone-Cech
compactification of X. (Here is one construction of such a pair: Let X €
Top, let C be the set of all continuous functions f : X — [0, 1], and endow
[0,1]¢ with the product topology. Then ¢ : X — [0,1]¢ defined by «(z); =
f(zx) is continuous. Let G(X) be the closure of im ¢ and restrict the codomain
of ¢t to get tx : X = G(X).)
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According to Theorem 10.3.1, we get a functor G : Top — CompHaus
with object map X — G(X) that is a left adjoint of F. O

10.5 Counit-unit adjunction

Let C and D be categories. A counit-unit adjunction from C to D is a
quadruple (G, F,e,n), often written (e,n) : G 4 F, where F' : C — D and
G : D — C are functors and n : 1p — FG and € : GF' — 1¢ are natural
transformations, called the unit and counit, respectively, such that the
following triangles are commutative:

¢ - ara rer<""_p
k\ J/EG Fsl %
G F

that is, such that the following counit-unit identities are satisfied for all
ceCanddeD:

ea@Gma) =lg@y  and  F(ec)npe) = 1r() (6)

(cf. Exercise 5-2).

10.5.1 Theorem. If (¢,7n) : G - F is a counit-unit adjunction from C to
D, then ¢ : G4 F is a hom-set adjunction from C to D, where the maps

C(G(d),c) D(d, F(c))

-1

are given by

force C andd e D.

Proof. Let (g,m) : G 4 F be a counit-unit adjunction from C' to D and let
¢ be as indicated. For d € D and ¢ € C define ¢ = 4. : D(d, F(c)) —
C(G(d),c) by ¥(5) = e.G(S). We claim that ¢ and 1 are inverses of each
other.
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Let c € C' and d € D. For v € C(G(d), c) we have
Pp(v) = V(F(7)na) = eG(F(V)na) = ecGF(7)G(1a)
=veq(a)G(Na) =,

where the last two equalities use naturality of ¢ and Equations (6), respec-
tively. Therefore, ¢ is the identity map on C(G(d),c). An analogous
argument shows that ¢ is the identity map on D(d, F'(c)). Therefore, ¢ is
a bijection and ¢! is as indicated.

Let «:¢c— ¢ inCand 8:d — din D. For v : G(d) = ¢ we have

F(a)p(y) = F(a)F(v)na = F(ay)na = p(ay)

and

(B =F)naB = F()FGB)na = F(YG(B))na = ¢(YG(B)),

SO ¢ = g4, is natural in each variable d and ¢ by Theorem 10.2.1. This
completes the proof. ]

10.6 Universals and Counit-unit adjunction from Hom-set ad-
junction

Let C' and D be categories and let ¢ : G 4 F' be a hom-set adjunction from
C to D. Then
vd.c: C(G(d),c) = D(d, F(c))

is a bijection for each c € C' and d € D.

The unit n: 1p — FG and the counit ¢ : GF — 1¢ of the adjunction are
defined by

Na = Pac(law) and &= (p;‘%c)7c(1F(c))'

The justification for the terminology is given in the following theorem.

10.6.1 Theorem. Let p : G 4 F be a hom-set adjunction from C to D
and let 7 and € be the unit and counit, respectively, of the adjunction.

(i) (e,m) : G4 F is a counit-unit adjunction from C to D.
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(ii) For each d € D the pair (G(d),ng) is a universal from d to F.

(iii) For each ¢ € C the pair (F(c),e.) is a universal from G to c.

Proof. (i) It follows from the definitions that for d € D we have g : d —
FG(d). Let 8 :d — d be a morphism in D:

d d s FG(d')
5l Bl lFG(B)
d

d—— FG(d) .

Using Theorem 10.2.1 we get
FG(B)na = FG(B)ep(law)) = ¢(G(B) g = ¢(1aa)G(B))
= ¢(1g)B = naB,

son: 1p — FG is a natural transformation. An analogous argument shows
that € : GF' — 1¢ is a natural transformation as well.

For ¢ € C we have, using Theorem 10.2.1,

F(ec)nre) = F(ee)p(lar)) = v(eclar(e)) = ¢(ec) = Lp(o)-

Similarly, eq(q)G(n74) = 1g)- Therefore, e and 7 satisfy the counit-unit
identities (Equations (6)) so (¢,7n) : G 4 F is a counit-unit adjunction from
C to D as claimed.

(ii) Let d € D. By assumption,
Pd,_ * C(G(d)a —) - D(d7F(—))

is a natural isomorphism. Its correspondent in D(d, FG(d)) as in Corollary
9.3.11s

Y(ed,_) = Pa,ca) (1)) = 1d-
Therefore, by part (ii) of that theorem (G(d),74) is a universal from d to F.

(iii) Let ¢ € C. An argument analogous to that for part (ii), but using the
dual to Corollary 9.3.1, shows that (F(c),e.) is a universal from G to ¢. [
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10.7 Preservation of limits/colimits

A functor F' : C — D preserves limits provided the following property
holds: If f: I — C' is a functor with I small and (¢,n) is a limit of f, then
(F(c), Fn) is a limit of the composition F'f : I — D. Here, F'n is defined
by (Fn); = F(n;) (and therefore has the same interpretation as in Exercise
5-2 viewing 1 as a natural transformation as in Section 8.2).

10.7.1 Theorem. If the functor F : C — D has a left adjoint, then F
preserves limits.

Proof. Let F': C'— D be a functor and assume that F' has a left adjoint

G. Then there exists a hom-set adjunction ¢ : G 4 F. Let f: I — C be a
functor with I small and let (¢,n) be a limit of f. Let (d,0) be a cone to

Ff:
i o= 1(0:) fi b: F(f;)
()

G(d) "> c fr d ~ F(c) F(fr)
J Q\) F(n;)
(2 (0]') fj ‘9]‘ F(f])

For each 7:4 — j in I we have, using Theorem 10.2.1,

p(fro™H(0:)) = F(f-)0: = 0;,

so fro~1(0;) = ¢~ 1(0;), which says that (G(d), ¢~1()) is a cone to f, where
0 1(0); := o7 1(0;) for each i € I. For v : G(d) — c and each i € I we have,
using Theorem 10.2.1 again,
ny =9 1 0) = ny =9 (6)
= o) =0
— F(m)e(y) = 0:.

Therefore, since (¢,n) is a limit of f, it follows that (F(c), F'n) is a limit of
Ff. O

The dual statement holds as well.
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10.7.2 Theorem. If the functor G : D — C' has a right adjoint, then G
preserves colimits.

10.7.3 Example (Product in Grp necessarily Cartesian product)  The for-
getful functor F' : Grp — Set has a left adjoint (Example 10.4.1). There-
fore, since a product can be construed as a limit, Theorem 10.7.1 implies
that the underlying set of any product of a family in Grp must be a product
of the underlying sets of the family members, which is (isomorphic to) the
Cartesian product of those sets by Example 3.3.1.

In other words, the choice to use the Cartesian product in our construction
of a product in Grp (Example 3.3.2) was in a way forced on us. O
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