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0 Introduction

Let G be a finite group, let K be a field, and let V be a finite-dimensional vector space
over K. Denote by GL(V') the group of invertible linear transformations from V' to itself.
A group homomorphism p : G — GL(V) is called a linear K-representation of G in V'
(or just a representation of G for short).

One gains information about the structure of G by studying the totality of representa-
tions of G (i.e., various p, V, and K).

ExAMPLE. Suppose K = C. If every “irreducible” representation of G (that is, one
admitting no proper “subrepresentation”) is of the form p : G — GL(V') with dimV =1,
then G is abelian (and conversely).

Here are some notable applications of representation theory:

(1) (Burnside) If |G| = p®¢® (p, ¢ prime), then G is solvable. (Proof given in Section
25.)

(2) (Feit-Thompson) Every group of odd order is solvable.

(3) Classification of Finite Simple Groups. (Proof uses both the “ordinary” theory
(char K = 0) and the “modular” theory (char K = p, prime).)

(4) Quantum mechanics.

Let p: G — GL(V) be a representation. Define the associated character y : G — K
by x(a) = trp(a). By passing from p to the associated character x, one loses information
in general, but enough information is retained to allow proofs of important results. For
instance, the theorem of Burnside stated above uses only characters, not actual repre-
sentations. Much of the power of character theory comes from its deep connections with
number theory.

Let KG denote the group ring of G over K (so KG is the vector space over K with
basis G made into a ring by using the obvious multiplication). Given a representation
p: G — GL(V) we can make V into a KG-module by putting a - v = p(a)(v) (a € G,
v € V) and extending this definition linearly to an arbitrary element of KG. It turns out
that the study of representations of G over the field K is equivalent (in the category sense)
to the study of KG-modules. This brings into representation theory certain aspects of
homological algebra and K-theory.

In summary, representation theory involves three interrelated notions: (1) representa-
tions, (2) characters, (3) modules.



1 Modules

Let R be a ring with identity 1. A (left) R-module is an (additive) abelian group M with
a function R x M — M denoted (r,m) — rm (or sometimes 7 - m) such that the following
hold for all r,s € R, m,n € M:

) r(m+n)=rm+rn,
) (r+s)m =rm+ sm,
)
)

~~

rs)m = r(sm),

One proves for R-modules the natural identities, like 70 = 0 for any r» € R. (Proof:
70 =7(0+0) =0 + r0; now cancel.)

ExAMPLE. If V is a vector space over a field K, then V is a K-module.

ExamMpPLE. If A is an additive abelian group, then A is a Z-module, where ra (r € Z,
a € A) has the usual meaning.

EXAMPLE. Let V be a vector space over the field K and let R be the ring of linear
transformations from V to itself. Then V' is an R-module by f-v = f(v).

EXAMPLE. Any ring R (with 1) is an R-module with rs (r,s € R) being the given ring
multiplication.

Warning: If V is a vector space over the field K, then av = 0 implies v = 0 or a = 0
(a € K, v € V) since if a # 0, then v = a~tav = =10 = 0. This property does not hold
for modules in general. For instance, let v =1 € Zo and a =2 € Z. Then 2-1=2 =0,
but 1 # 0 and 2 # 0. Furthermore, an arbitrary module need not have a basis.

Let M be an R-module. A subset N of M is an R-submodule (written N < M) if the
following hold:

(1) N is a subgroup of M,

(2) rn e N for allr € R,n € N.

Let M and M’ be R-modules. A function ¢ : M — M’ is an R-homomorphism if the
following hold for all m,n € M, r € R:

(1) p(m +n) = p(m) + ¢(n),
(2) ¢(rm) = re(m).
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An R-isomorphism is a bijective R-homomorphism. We say that the R-modules M
and M’ are isomorphic, written M = M’ if there exists an R-isomorphism ¢ : M — M.

If o : M — M’ is an R-homomorphism, then ker ¢ := ¢~ 1(0) and im ¢ := (M) are
submodules of M and M’, respectively.

If M is an R-module and N < M, then M/N := {m + N|m € M} is a module with
the induced operations:

(m+N)+(m' +N)=(m+m')+N,
r(m+ N)=rm+ N.

M/N is called the quotient (or factor) module of M by N.
1.1 (FirsT ISOMORPHISM THEOREM)  If ¢ : M — M’ is an R-homomorphism, then

M/ ker ¢ = im .

The usual second and third isomorphism theorems are valid as well. In fact, these isomor-
phism theorems are valid for any Q-group. (Let 2 be a nonempty set. An {)-group is a
group G with a function Q x G — G for which x(ab)=(xa)(xb) for all x € €, a,b € G.
There are obvious notions of 2-subgroup and 2-homomorphism. An R-module M is an
Q-group with @ = R and G = M.)

Let N; and Ny be R-modules. The direct sum
Nl D N2 = {(nl,ng) ’?’LZ c NZ}

is an R-module if we define r(nq,n2) = (rny, rng).
Let M be an R-module and let Ny, No < M. We say that M is the (internal) direct
sum of Ny and Ny (written M = N1+N,) if the following hold:

(1) M = Ny + No,
(2) Nin Ny ={0}.

1.2 IfM = Nl—i—Ng, then M = N1 EBNQ

PROOF. The pairing ny + ny <> (n1,n2) is the required correspondence. [

FEzxercise 1

Let M be an R-module and let N < M. Prove that if ¢ : M — N is a homomorphism such that
@(n) =n for all n € N, then M = N+ ker ¢.



2 The Group Algebra

Let G be a finite group and let K be a field (notation in force from here on). Denote by
K G the vector space over K with basis G. So the elements of KG are linear combinations
of the form .. aqa with o, € K. We wish to make KG into a ring, so we define

multiplication by
(D~ aa) (D Bb) = > (cafs)ab

a€eG beG a,beG

Note that K'G has identity le, where e is the identity element of the group G. We usually
write la as just a (a € G) and thus view G as a subset of KG.

EXAMPLE. Suppose G = S; (=symmetric group) and K = Q. Then the following is an
example of a computation in KG.

[3(23) + (1243)] [7(24) — 5(13)]

21(23)(24) — 15(23)(13) + 7(1243)(24) — 5(1243)(13)
21(243) — 15(123) + 7(123) — 5(243)
16(243)

6(243) — 8(123).

A K-algebra is a ring A that is also a vector space over K subject to a(ab) = (aa)b =
a(ab) for all & € K and all a,b € A.

ExAMPLE. The ring KG is a K-algebra of dimension |G|. It is called the group algebra
of G over K.

EXAMPLE. If V is a vector space over K, then the ring End(V') of linear maps from V' to
itself is a K-algebra.

EXAMPLE. The ring Mat,,(K) of n x n matrices over K is a K-algebra of dimension n?.

EXAMPLE. The ring K|[z] of polynomials over K is an infinite-dimensional K-algebra.

Let A be a K-algebra with identity 1 (# 0). We get a ring monomorphism K — A
via a — al. (It is nonzero since it sends the identity of K to the identity of A. It is
injective since its kernel is an ideal of the field K and is therefore trivial.) We use this
monomorphism to view K as a subring of A.



2 The Group Algebra 5)

KG-modules. Let V be a vector space over K. A map G x V — V by (a,v) — av is
called a group action of G on V if the following hold for all a,b € G, v,w € V, and
aeK:

(1) (ab)v = a(bv),

(2) ev =,

(3) a(v+w) = av + aw,

(4) a(av) = a(av).
(The first two properties say that the given map defines an action of the group G on the
underlying set of the vector space V', while the last two properties say that each element
of G acts as a linear operator on V.)

Let V be a KG-module. By restricting the scalars from KG to K, we can view V as
a K-module, that is, as a vector space over K. It follows from the module axioms that
restricting scalars from KG to G yields a group action G x V. — V of G on V. The
following result says that, conversely, a group action of G on a vector space V induces a
K G-module structure on V.

2.1 LetV be a vector space over K and let G x V — V be a group action of G on V.
Then V is a KG-module with scalar multiplication given by

( > aaa)v =) agav.

aceG aceG

(This scalar multiplication is said to be “extended linearly” from the action of G on V.)

PrOOF. We verify only module axiom (3), namely (rs)v =r(sv) (r,s € KG, v e V),
since the verifications of the other axioms are straightforward. Let r,s € KG so that
r=23,00and s=>y, fbec KG for some o,y € K. For any v € V, we have

(rs)v = <2bj aaﬁb<ab))v
- (Z ( Zb aaﬁbc)>v (collect like terms)

ab=c

— Z ( Z o) cv (linear extension)

a,b
ab=c

= Z Zaaﬁa—lccv
= Z aa( Z Ba*lccv)
= Z o ( Z By(ab)v) (b=a"tc)

a b
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— Z o ( Z Bra(bv)) ((1) of group action)

a b
= Z aqa( Z Bybv) ((3) and (4) of group action)
a b
= (Z @) (( Z Byb) v) (linear extension, twice)
a b
= r(sv),

so module axiom (3) holds. [



3 Tensor Product and Contragredient

Recall (Section 2) that any KG-module can be viewed as a vector space over K. For us,
K G-modules will always be assumed to be finite-dimensional (over K) when viewed thus.
Here, we look at two ways of constructing new K G-modules from old ones.

Tensor Product. Let V and W be KG-modules with bases {v1,..., v} and {wy, ...,
wy, }, respectively. Let V@W be the vector space with basis {v;®@w; |1 <7 <m,1 < j < n}.
V ® W is the tensor product of V and W.

For arbitrary v € V, w € W, write v = Y, ayv;, w = Zj Bjw; and define v ® w =
Zi,j a;Bv; @w; € V@ W. (Caution: It is not the case that every element of V ® W can
be expressed in the form v ® w with v € V and w € W.)

3.1 Forallv,v eV, ww €W, and a € K, we have

(1) (v+v)Qw=vRw+v Qw,
2) v w+w)=vw+veu,
(3) alvew) = (av) ®w =v® (aw).

For a € G, the map of basis vectors given by v; ® w; — av; ® aw; extends uniquely
to a linear map from V ® W to itself, which we denote by u — au (u € V @ W). Then
(a,u) — au defines a group action of G on the vector space V ® W (note that once
properties (3) and (4) are checked it suffices to verify properties (1) and (2) under the
assumption that v is a basis vector). According to 2.1 the linear extension to K G of this
action gives V' the structure of K G-module.

Contragredient. Let V' be a KG-module and set V* = {f : V — K| f is linear}. V*
is the dual space of V. For a € G and f € V*, the function af : V — K defined by
(af)(v) = f(a~'v) is an element of V*. Then the map (a, f) — af defines a group action
of G on the vector space V*. According to 2.1 the linear extension to K'G of this action
gives V* the structure of KG-module. This module is the contragredient of V. We have
V=V**viav— (f = f(v)).

Remark. These two constructions are available for any Hopf algebra (of which the
group algebra is an example), but not for an arbitrary algebra. A Hopf algebra A has
a certain algebra homomorphism, A : A — A ® A (comultiplication) and an algebra
antihomomorphism o : A — A (antipode). In the case A = KG we obtain these maps by
putting A(a) = a®a and o(a) = a™! (a € G) and extending linearly to KG. Let M and N
be A-modules. Then M ® N is an A® A-module by (a®b)(m®n) = am®bn (even without
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the additional Hopf structure); it becomes an A-module by putting a(m®n) = A(a)(m®n).
Also, M* becomes an A-module by putting (af)(m) = f(o(a)m).



4 Representations and Modules

Let p: G — GL(V) be a representation (Section 0). Putting av = p(a)(v) (a € G,v € V)
we obtain a group action of GG on the vector space V. According to 2.1, the linear extension
to K G of this action gives V' the structure of KG-module.

Conversely, let V' be a KG-module. Then V can be viewed as a (finite-dimensional)
vector space over K. Define p : G — GL(V) by p(a)(v) = av. Then p is a well-defined
homomorphism, and hence a representation of G. We call p the representation afforded
by V.

We can use the language of categories to make the correspondence described above
more precise. Let KG-mod denote the category having as objects KG-modules and as
morphisms K G-homomorphisms. Let G-rep denote the category having as objects rep-
resentations of G and morphisms described as follows: Given objects p : G — GL(V),
p' G — GL(V'), the set Mor(p, p’) of morphisms from p to p’ consists of those linear
maps f: V — V’ such that fop(a) = p/(a) o f for all a € G.

We claim that the categories KG-mod and G-rep are equivalent. Define a functor
F : KG-mod— G-rep by
7 V +— p, where p is afforded by V,

' { f—f, fora KG-homomorphism f:V — V’.

We need to check that F(f) = f € Mor(p,p’) = Mor(F(V), F(V')). Clearly f is linear.
Also, for v € V' we have
[f o p(a)](v) = f(p(a)(v)) = flav) = af(v)
=p'(a)(f(v)) = [p'(a) o f](v).
We also get a functor F' : G-rep— KG-mod by
, [ p:G—=GLV)=V,
{ f=F

It is easy to check that F'oF = 1 xG-mod and FoF’ = 1. yep, so that K G-mod= G-rep,
as desired.

FEzercise 2

Fill in the details of the “representation <> module” correspondence outlined in the first two paragraphs

of this section.
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5 Matrix Representations

Let V' be a vector space over the field K with (ordered) basis B = {v1,...,v,}. Forv eV
we have v =), B;v; for uniquely determined 3; € K. Write

B
s =] :
B
(the coordinate vector of v relative to B).

Let f:V — V be a linear transformation. For v € V we have

[f(v)]B = ;][] B,

where f(v;) =), a;;v; (1 <j <n). We call [o;;] the matrix of f relative to B.

Now suppose p : G — GL(V) is a representation of G. For each a € G, let [a;;(a)] be
the matrix of p(a) relative to B. Then, denoting by GL,, (K) the group of invertible n x n-
matrices over K, we get a homomorphism R : G — GL,(K) by putting R(a) = [a;;(a)].
R is called the matrix representation of G afforded by p (or by V) relative to B.

EXAMPLE. Let G = Z3 = {0,1,2}. The vector space V = KG is a KG-module (with
module product being the ring product in K G). The matrix representation R of G afforded
by V relative to the basis {0, 1,2} is given by

1 00 00 1 01 0
RO)=|0 1 0|, RO)=|1 0 0|, R@2)=|0 0 1
00 1 01 0 100

Notice that these are “permutation matrices” (exactly one 1 appears in each row and each
column with zeros elsewhere).

In general, for any group G the matrix representation R of G afforded by K G relative
to the basis G has the property that R(a) is a permutation matrix for each a € G.

Submodules. Let V' be a KG-module and let W be a submodule of V. Let {vq,..., vy}
be a basis of W and extend this to get a basis B = {v1,...,Um, Vm+1,...,0,} of V. If R
is the corresponding matrix representation, then for each a € G, R(a) is of block form
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Let p be the representation of G afforded by V. For each a € G, we have p(a)(W) =
aW C W, so we get a representation o : G — GL(W) by defining o(a) = p(a)|w (the
subrepresentation of G afforded by the submodule W of V). Relative to the basis
{v1,..., v} of W, o affords the matrix representation represented by the upper left block
in the depiction of R(a) above.

Keep the notation above and assume there exists a submodule W’ of V such that
V = W+W’. Also assume that {v,,41,...,v,} is a basis for W’/. Then B is still a basis
for V' and for each a € G, R(a) is of block form

R(a) = [3 0].

*

Tensor Products. Let V and W be KG-modules with bases {v1,...,vn}, {w1,...,
wy, }, respectively. Then {v; ® w;} is a basis for V. ® W. Order this set lexicographically:
{v1 ®wi,v1Qws, ..., V20w, vV2®@ws, ... }. Let [ay;] and [Bki] be the matrix representations
afforded by V and W, respectively, relative to the given bases. We wish to determine the
matrix representation [v;; ;] afforded by V @ W relative to the above basis. By definition,
for each a € G, we have

a(vy ® wy) E Yij ki (@)v; ®@ wj.

But also,

a(vk @ wy) = avk ® aw;

= (Z ag(a)vr) @ (D Bju(a)w;)
i J
= Zalk le 1)@ & wj.
Since {v; ® w;} is linearly independent, we have v;; 1 (a) = ir(a)Bji(a). The matrix

[vij.ki(a)] is called the tensor (or Kronecker) product of the matrices [or(a)] and

[Bj1(a)]; written [aix(a)] @ [Bj(a)].

EXAMPLE.
12 3 2 4 67
4 5 6 8 10 12
[12]@}132_789141618
3 4 - 8 9 3 6 9 4 8 12

12 15 18 16 20 24
[21 24 27 28 32 36
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FEzxercise 8

Let V be a KG-module. Let [a;;] be the matrix representation of G afforded by V relative to the basis

{vi,...,vn}. Let [o;] be the matrix representation of G afforded by the contragredient module V*
(Section 3) relative to the “dual basis” {v],..., v} (so v} (v;) = &;; = Kronecker delta). Express [a;‘j]

in terms of o).
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6 Schur’s Lemma

From Section 8 on we will assume K = C. In this section and the next, we see why this
assumption simplifies matters. We begin by reviewing “algebraically closed fields” and
“eigenvalues.”

Algebraically Closed Fields. The field K is algebraically closed if each nonconstant
f € K|z] (= set of polynomials in z over K) has a zero.

EXAMPLE. The field R of real numbers is not algebraically closed since 2 + 1 has no zero.

Remark. If ais a zero of f € K[z|, then z—a is a factor. (Proof: Use division algorithm.)
So, using induction on the degree of f, we have that K is algebraically closed if and only if
each nonconstant f € K[x] can be written in the form f = ap(x —a1)(x —az2) -+ (z — ap)
(Oéi c K)

6.1 FUNDAMENTAL THEOREM OF ALGEBRA. The field C of complex numbers is alge-
braically closed.

PrROOF. The name given to this theorem is a bit of a misnomer since there is no known
“purely algebraic” proof. Nor is it likely that there could be such since the complex
numbers are constructed from the real numbers, which are defined as the completion of
the rational numbers, and so topology ultimately enters in. Here is a quick proof using
complex analysis.

Liouville’s Theorem states that every bounded entire (i.e., differentiable) function f :
C — C is constant. Suppose f € Clz| has no zero. Since |f(z)| — oo as |z| — oo and im f
is bounded away from zero, 1/f is bounded (and clearly entire). Therefore, by Liouville’s
Theorem, 1/f is constant, so that f is as well. [

Eigenvalues. Let V' be a vector space over K and let f : V — V be a linear transforma-
tion. An element « of K is an eigenvalue of f if f(v) = av for some nonzero v € V. If
the matrix A represents f relative to some basis B of V, then

a € K is an eigenvalue of f <= f(v) = av for some v # 0
< [f(v)]s = afv]p for some v # 0
<= Alv]p = afv]p for some v # 0
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< (A — al)[v]p = 0 for some v # 0

<= (A — o) is not invertible

<= det(A —al) =0,

<= « is a zero of the polynomial g(z) = det(A — zI).

In particular, if K is algebraically closed, then each linear transformation f : V — V has
an eigenvalue.

Now that the background material has been reviewed, we turn to the main subject of
the section.

A nonzero KG-module V is simple if it has no (nonzero) proper submodule. If V' is
simple and it affords the representation p, we say that p is irreducible. In other words,
a representation is irreducible if it admits no (nonzero) proper subrepresentation in the
sense of Section 5.

6.2 SCHUR’S LEMMA. Let V and W be simple KG-modules and let f : V — W be a
homomorphism.
(1) If V2 W, then f =0.
(2) Assume K is algebraically closed. If V.= W, then f = aly for some o € K (so f
is a “homothety”).

PROOF. (1) Assume f # 0. Since ker f is a submodule of V' not equal to V', we must
have ker f = 0, so that f is injective. Similarly, im f is a submodule of W not equal to 0,
so im f = W implying f is surjective. Thus, V = W.

(2) Assume V = W. Since K is assumed to be algebraically closed, f has an eigenvalue,
say . Then ker(f—aly) # 0. Since V is simple, we get f—aly = 0, whence f = aly. O
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7 Maschke’s Theorem

Let R be a ring and let M be a nonzero R-module. A sequence
O=My< My <---<M,=M

of submodules of M is called a composition series if each factor M;/M;_; is simple (i.e.,
has no proper (nonzero) submodule). If M has a composition series as above, then the
simple factors M;/M;_1 (1 < i < n) are called the composition factors of M. (By the
Jordan-Holder Theorem, which applies to €2-groups and hence to R-modules, composition
factors are independent of the chosen composition series and are hence well-defined.) It is
possible to have two nonisomorphic modules with the same composition factors.

ExXAMPLE. The Z-modules Z, and Zs & Z- have respective composition series

0 < (2) < Zy,

0<((0,1)) <Zy®Zy

and hence they both have the two composition factors Z,, Zs. However, Zy 2 Zo ® Z>
(since, for instance, 2x = 0 for all € Zo @ Z3, but not for x = 1 € Zy).

Suppose R has the property that every nonzero R-module has a composition series and
hence composition factors (which is the case for our main object of study, R = KG, since
we assume K G-modules to be finite-dimensional over K). In this case, one can determine
all possible R-modules by first determining the simple ones and then determining all ways
these simple modules can be “stacked” to form new modules. (This latter endeavor falls
in the domain of “homological algebra.” Given R-modules M and N, one studies the
extension group Extl(N , M), which is an abelian group with the property that its elements
are in one-to-one correspondence with the R-modules having a submodule isomorphic
to M and corresponding factor module isomorphic to N. For the example above, we
have Ext'(Zy,Zy) = Zy = {0,1}. The element 1 corresponds to Z4 and the element 0
corresponds to Zs & Zs.)

Now suppose R has the property that every nonzero R-module is isomorphic to a direct
sum of finitely many simple modules (which is the case for R = KG when char K 1 |G|,
as shown in the main result below). In this case, each nonzero module has a composition
series and the composition factors are precisely the various simple modules appearing in
the corresponding direct sum. Indeed, if M = @, M, with M; simple, then viewing M,
as a submodule of M in the natural way and putting N; = > j<i M; we get a composition
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series 0 = Ny < N1 < -+ < N, = M with N;/N;,_1 = M,;. Therefore, in this case
a nonzero R-module is completely determined by its composition factors (implying that
all R-modules are known once the simple ones have been determined, i.e., the “stacking
problem” mentioned above is trivial). This observation points up the importance of the
following result.

7.1 MASCHKE’S THEOREM. If char K t |G|, then every KG-module is a direct sum of
simple modules.

PrROOF. Let M be a KG-module and let N be a submodule of M. By induction on
dimg M, it suffices to show that N has a complement, i.e., that there exists N/ < M with
M = N-+N'. For this, it is enough by Exercise 1 to find a K G-homomorphism f : M — N
such that f(n) =n for alln € N.

Let V C M be a vector space complement of N, so that M = N-+V as vector spaces.
Let m: M — N be the projection onto the first summand: mw(n+v)=n (n € N, v € V).

Since char K 1 |G|, |G| is nonzero when viewed as an element of K. Hence, it makes
sense to define f : M — N by

(meaning f = |—é,‘ Y wec Pla™) omo p(a), where p is the representation afforded by M).

We will show that f is a homomorphism. First, f is clearly linear, so it is enough to
show that f(bm) = bf(m) for all b € G, m € M. We have

|Za 7rabm |Zbab

aceG aceG

Z 7rcm
| ceG

= bf(m),

so f is a homomorphism, as desired.
Finally,

1 1 1
fn)=— a tran = — a tr(an) = — atan=n
W= g = g 2T = g 2

and the proof is complete. [J
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8 Characters

From now on, we restrict our attention to the field K = C so that both Schur’s Lemma
and Maschke’s Theorem apply. (Actually, for fixed G we could choose any algebraically
closed field of characteristic not dividing |G| and get essentially the same theory.)

Let A = [a;;] be an n x n-matrix over C. The trace of A is defined by tr A = >~ | a;;.
We first establish some standard facts about the trace.

8.1 For any n X n-matrices A and B, we have tr(AB) = tr(BA).

PROOF. Let A = [a;;] and B = [;;] be n x n-matrices. We have

tr(AB) =tr [ > oauBiy] =D cnbri=Y > Bricvik
K ik ko

=tr [Z 6]@1042‘1] = tl“(BA) Ol

8.2 For n x n-matrices A and C with C nonsingular, we have tr(C~1AC) = tr A.
ProoF. This follows directly from 8.1. [

8.3 If A is an n x n-matriz, then tr A = Y"1 N;, where the \; are the zeros of the
polynomial g(x) = det(xl — A) repeated according to multiplicity.

PROOF. Let A = [a;;] be an n x n-matrix. By definition,

g(CL') = Z Sgn(a)bla(l) T bna(n)7
oES,

where sgn(o) is 1 or —1 according as o is even or odd, and b;; = d;;0 — . If 0 # 1,
then o moves at least two numbers, whence by (1) -+ bpe(n) is of degree at most n — 2 in
x. Thus,

g(z) = Hb +hy(x) = [[(x — i) + b () = 2™ — Z a;z" " + ho(2),

(2

where h;(z) has degree at most n — 2. But we also have

g(x) = H(m —A)=z" — Z Nz 4 hs(z),

i
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where h3(x) has degree at most n — 2. Hence, tr A =) . a;; = >, A;, as desired. [

Remark. In the notation of 8.3, v +— Av defines a linear transformation from C” to
C™; the result says that tr A equals the sum of the eigenvalues (repeated according to
multiplicity) of this linear transformation (in short, the eigenvalues of A). We also point
out that 8.3 follows immediately from 8.2 and the theorem from linear algebra that says
A is similar to a matrix in Jordan canonical form.

Now let V' be a vector space over C and let f : V — V be a linear map. Define
tr f = tr A, where A is the matrix of f relative to some basis B of V. By 8.2, tr f is well-
defined, for if a different basis B’ is chosen, then the matrix of f relative to B’ is C~1AC,
where C' is the change of basis matrix that changes B’ coordinates to B coordinates.

Assume V is a CG-module and let p be the representation it affords. The map y : G —
C defined by x(a) = tr p(a) is the character of G afforded by V (or by p).

8.4 Let Vi and Vo be CG-modules and let x1 and X2, respectively, be the characters
they afford. Then

(1) V4 @ Va affords the character x1 + X2,
(2) Vi ® Vo affords the character x1xa2-

PrOOF. (1) Let R; be the matrix representation of G afforded by V; relative to the
basis B; (i = 1,2). Then, viewing V7 as a subspace of V. = V; @ V5 by identifying v,
with (v1,0), and similarly for V5, we have that B = By U By is a basis for V. The matrix
representation R of G afforded by V relative to B is easily seen to satisfy

_ | Bila) O
R(a) = { 0 Rg(a)] .
So if x is the character afforded by V, then x(a) = trR(a) = tr Ri(a) + tr Ry(a) =

x1(a) + x2(a).
The proof of (2) is similar. [

Next, we assemble some standard facts about characters.

8.5 LetV be a CG-module and let x be the character it affords.

(1) x(e) =dimc V.

(2) For each a € G, x(a) is a sum of roots of unity.

(3) For each a € G, x(a™') = x(a), where bar indicates complex conjugate (a + bi =
a—bi).

(4) For each a,g € G, x(97 ag) = x(a).

PROOF. (1) Let p be the representation afforded by V. We have x(e) = trp(e) =
trly = tr I, = n, where n = dimg V.

(2) Let p be as above and let @ € G. If A is an eigenvalue of p(a), then for some
0 # v € V we have p(a)(v) = \v. Hence
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where m is the order of a. This implies A™ = 1, so that A is an mth root of unity. Finally,
x(a) = tr p(a), which by 8.3 is the sum of the eigenvalues of p(a) and hence a sum of roots
of unity.

(3) Let a € G. With p, A\, and v as above, we have

pla™h)(v) = p(a) ™ (v) = A7Mw.

Hence, ) is an eigenvalue of p(a) if and only if A~ is an eigenvalue of p(a~!). Furthermore,
by the proof of (2), |A| = 1, so the equation A\ = |A]?2 = 1 gives A~! = X\. As in 8.3, we

have
x(a™t) = trp(a” ZA —Z/\ = trp(a) = x(a).

(4) Let a,g € G and let p be as above. Using 8.2, we have

“tag) = trp(g~ ag) = tr [p(g) " pla)p(g)] = tr(CTTAC) = tr A = trp(a) = x(a),

x(9
where A and C' are the matrices of p(a) and p(g), respectively, relative to some basis of
V. O

Exercise 4

Let U and V be CG-modules and set W = Homg (U, V) (= set of C-linear maps from U to V). Since
V' is a vector space, W becomes a vector space in the natural way. We could also use the CG action on
V to make W into a CG-module, but instead we define (af)(u) = a(f(a='u)) (a € G, f € W, u € U)
and extend linearly to CG.

(a) This operation makes W into a CG-module. Verify only the following step: (ab)f = a(bf)
(a,be G, feW).

(b) Prove that W 2 U* @ V as CG-modules.

(c) Explain how this construction generalizes the notion of a contragredient module (Section 3).

(d) Express the character afforded by W in terms of the characters afforded by U and V, respectively.
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9 Orthogonality Relations

The set Fun(G, C) of all functions from G to C inherits from C the structure of vector
space over C. In this section we define an inner product on this space and show that the
set of irreducible characters of G (i.e., those characters afforded by simple CG-modules)
forms an orthonormal set relative to this inner product.

The main lemma is the following result. Note that the characteristic of C being zero
allows the division by |G| in the statement of the result, and also notice that the fact C is
algebraically closed (6.1) allows the use of Schur’s lemma in the proof.

9.1 LetV and V' be CG-modules and let f :V — V' be a linear map. Set

Za Yfa:V = V.

aceG

IG\

(1) f° is a CG-homomorphism.
(2) Assuming V and V' are simple, we have

0. Vv
= {ﬂlv, V=V,
n

where n = dimc V.

PROOF. (1) This proof is similar to that of Maschke’s theorem (7.1).
(2) By part (1) and Schur’s Lemma (6.2), if V' % V’, then f° = 0 and if V' = V, then
f% = aly for some a € C. We have

a-n=trfl= Ztr (a™'fa) = Ztr = tr f,

aGG aEG

so a = (tr f)/n, as desired. O

Given two functions ¢,v : G — C, set

SR PE
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9.2 LetV and V' be simple CG-modules and let R = [a;;] and R' = [ag;], respectively,
be the matriz representations they afford (relative to chosen bases). Then for all i, j, k,
and [, we have

< / > { 07 V/ % V?
) =
i R L5ubse, VI =V.

PROOF. Let n = dimgV and n’ = dimc V’. Fix j and k and let C' be the n’ x n-matrix
defined by C' = [0;0yk]zy, Where the final subscripts indicate that the row index is = and
the column index is y. Now C' can be viewed as the matrix relative to the chosen bases of
a linear transformation f : V — V’. Therefore, 9.1 implies

Z [0], VIV,
R/ -1 CR ) trC’
Ierd I, V=V,

where I,, denotes the n x n identity matrix. The left hand side of this formula becomes

P 2 el )onsbrana ]
il

aceG

|G| Z al] Oékl ) = [(Oégj,aklﬂil.

aeG il
Since trC' =) 02021 = d;i, We have

(o], ViEvV,
[<O{z]7 aklﬂ il { [%djk(sll]d ’ V/ — V

An il-entry comparison finishes the proof. [

The set Fun(G, C) of functions from G to C is regarded as a vector space over C in the
usual way. The pairing
1) = Z p(a

aeG

defines an “inner product” on Fun(G, C), meaning, for all ¢, ¢’, 9,9’ € Fun(G, C), a € C,

= (¥, )
©, @) > 0 with equality if and only if ¢ = 0.

(Note that some of these axioms are redundant. For instance, (2) follows from (1) and

(5).)
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9.3 Ifx and X' are characters, then (x,x') = {(x,X’)-

PrROOF. By 8.5(3),

/ ,_1 re —1y\ _ /
(mxﬁjaE:MWMw—Eﬂ%kMW@L)—Wm) O

aceG

9.4 LetV and V' be simple CG-modules affording the characters x and X', respec-
tively. Then
1, vV’

Ww3={a vy

Proor. With the notation as in 9.2, we have

(XaX/) = <X7X/> = <Z aii,za;‘j> = Z(aiiaa;‘j>v

%]

where we have used 9.3. First suppose V= V’. Then x = x’ (see Exercise 5 below), so we
may assume V = V’. Then 9.2 implies that

xx) = Z %5”5@']’ = Z% =1
J

Finally, if V' 22 V', then 9.2 implies (i;,a’;) =0, so (x,x’) =0. O

9.5 LetVq,..., Vi be pairwise nonisomorphic simple CG-modules affording the charac-
ters X1, ..., Xt, respectively, and let mq,...,my € N. Set V.=, m;V;, where m;V; means
Vid---@®V; (m; summands) and let x be the character afforded by V.. Then m; = (x, X:)
forall1 <i <t.

PROOF. By 8.4, x =>_;m;X;, 50 (X; Xi) = >_; mi(Xj, Xi) = mi, by 9.4. O

By Maschke’s Theorem (Section 7), any CG-module is isomorphic to a direct sum of
simple modules. Moreover, according to 9.5, the number of times a given simple module
appears is independent of the decomposition. (Actually, we already knew this from the
Jordan-Hoélder theorem. See the remarks in Section 7.)

9.6 LetV and V' be CG-modules affording the characters x and X', respectively. Then
x =X if and only if V=V'.

PROOF. The proof that y = x’ if V' = V' is Exercise 5 below.

Now assume that y = x’. We can write V = @521 m;V; and V' = @5:1 m,V;, where
Vi,...,V; are pairwise nonisomorphic simple modules and m; and m/ are nonnegative
integers. If V; affords the character y;, then using the fact that isomorphic CG-modules
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afford the same character (first part of this proof) and 9.5 we get m; = (x, x:) = (X', x4s) =
m;, for all ¢. Therefore, V. =V’'. O

The character afforded by a simple module is called irreducible. We denote the set of
all irreducible characters of G by Irr(G).
In the next result, we use the terminology that a subset X of Fun(G, C) is orthonormal

if (¢,1) =y for all g, € X.
9.7 Irr(G) is orthonormal.
ProoOF. Use 9.4 and 9.6. U

9.8 There are only finitely many pairwise nonisomorphic simple CG-modules.

PRrROOF. First, Irr(G) is linearly independent. Indeed, if > . cix; = 0 (; € C, x; €
Irr(G)), then 9.7 implies a; = (D axi, x;) = 0 for each j. Also, if for a € G we define
fa : G = C by fao(b) = dap, then {f,|a € G} clearly spans Fun(G, C). In particular, we
have | Irr(G)| < dime Fun(G,C) < |G|. O

Remark. Here is another proof of 9.8 not using character theory. Let S be a simple
module and choose 0 # =z € S. The map ¢ : CG — S given by ¢(r) = rz is a CG-
epimorphism. Hence S is isomorphic to a quotient of the CG-module CG. Now CG
is finite-dimensional (dimc CG = |G]), so CG has a composition series. Clearly, S is
a composition factor of CG. Since CG has only finitely many composition factors, the
corollary follows.

FExercise 5

Let V and V' be isomorphic CG-modules. Prove that the characters they afford are equal.
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10 The Number of Simple Modules

In the last section, we found that there are only finitely many simple CG-modules (up to
isomorphism). In this section, we show that the number of simple modules is precisely the
number of conjugacy classes of G.

Recall that a,b € G are conjugate if b = g~ 'ag for some g € G. Conjugacy is an
equivalence relation on G and hence the equivalence classes (called conjugacy classes)
partition G. A function f : G — C is a class function if it is constant on conjugacy
classes, that is, f(¢g7tag) = f(a) for all a,g € G. Let C1(G) C Fun(G,C) be the set of
all class functions on G. By 8.5(4), x € ClI(G) for any character x of G. In particular,
Irr(G) C CI(G). By 9.7, Irr(G) is linearly independent. We wish to show that, in fact,
Irr(G) is a basis for C1(G). First, a lemma.

10.1  Let V be a simple CG-module affording the character x. Let f € CI(G) and
define h =73 .o fla)a:V — V. Then h = %(f, X)1lv, where n = dimc V.

ProOOF. We first show that h is a CG-homomorphism. Since h is clearly linear, it
suffices to show that h(bv) = bh(v) for all b € G, v € V. We have

h(bv) =Y fa)a(bv) =Y f(a)bb™ abv

acG

=b) f(b ab)b tabv =1 f(c)ev = bh(v).

ceG

By Schur’s Lemma (6.2), we have h = aly for some a € C. But

an=trh=Y" fla)x(a) = G(f.X).

a€eG

so the result follows. [

10.2 Irr(G) is a basis for CI(G).

PROOF. By 9.7, it is enough to show that Irr(G) spans Cl(G), and for this, it suffices
to show that the orthogonal complement of (Irr(G)) is zero. So let f € Cl(G) and assume
(x, f) = 0 for all x € Irr(G). Let V.= CG and set h =} . fla)a : V — V. If S is
a simple submodule of V' affording the character x, then 10.1 says that the restriction of
h to S equals ‘nﬂ(f, X)1s, where n = dimg S. Since (f,x) = (x, f), this restriction is 0.
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Now V' is a direct sum of simple modules by Maschke’s Theorem (7.1), so h : V' — V is the

zero map. Hence, >, f(a)a = h(e) = 0. This implies that f (and therefore f) is 0. O

If C is a conjugacy class of G and f € Cl(G), we define f(C) := f(a), where a is
any element of C'. This notation is clearly well-defined. (We get agreement with the usual
meaning of f(C) as {f(a)|a € C} provided we are willing to identify the number f(a) € C
with the set {f(a)}.)

10.3 The number of isomorphism classes of simple CG-modules equals the number of
conjugacy classes of G.

Proor. Let Cq,...,C: be the distinct conjugacy classes of G so that, in particular,
G = U;C;. For each i, let f; € CI(G) be defined by f;(C;) = d;;. Then {f;|1 <i <t}is
a basis for CI(G). Indeed, if >, o fi =0 (o € C), then oj = Y, a; f;(Cj) = 0, so the set
is linearly independent. Also, if f € CI(G), then f = ), f(C;)fi, so the set spans. Now
9.6 implies that the number of isomorphism classes of simple CG-modules is |Irr(G)|, and
then 10.2 implies |Irr(G)| = dime Cl(G). By what we have just shown, dimc Cl(G) is t,
the number of conjugacy classes of G. [
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11 Further Orthogonality Relations

Let Cq,...,C; be the distinct conjugacy classes of G and let xi,...,x: be the distinct
irreducible characters of G (cf. 10.3).

— G
115 (GG = 16 0
J

PROOF. As in the proof of 10.3, for each 1 <
fi(Ci) = 6;5. By 10.2, f; = >, auxy for some ay, €

C.
ar = (O aixixk) = (fi:xk) = @l Z fila %Xk(cj)a

a€G

g < t, let f; € CI(G) be given by
C. Note that

so fj = ||CGJ|| > oexk(C xx(C;)xx. Evaluation at C; gives the result. [J

If x is a character of G afforded by the CG-module V', then according to 8.5, x(e) =
dimec V. The number y(e) is called the degree of y. For each 1 <i <, set n; = x;(e).

11.2 zt:nf = |G|.
i=1
Proor. If C; = {e}, then
Zn = ZX% Xz ZXz Cl XZ(CI) |G|>
the last equality from 11.1. [

11.3 G is abelian if and only if every simple CG-module is one-dimensional.

PROOF. Assume G is abelian. Then every conjugacy class of GG is a singleton, implying
G has |G| conjugacy classes. In view of 11.2, this implies n; = 1 for all i. The converse is
similar. [

FEzercise 6

Prove that the number of irreducible characters of G of degree 1 equals the index in G of its commutator

subgroup G'.
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12 The Character Table

As in the last section, let C,...,C; be the conjugacy classes of G and let x1,...,x: be

the irreducible characters. We always assume that C; = {e} and that x; is the “trivial

character” given by yi(a) = 1 for all a € G. (Let V = C. The trivial homomorphism

p: G — GL(V) makes V into a CG-module. This module is clearly simple since its

dimension is 1. The character afforded by V is the trivial character as defined above.)
Set v;; = Xxi(Cj). The matrix I' = [v;,] is called the character table of G.

EXAMPLE. Assume G = Z4 = {0,1,2,3}. By 10.3 and 11.3, there are four irreducible char-
acters, each of degree one. Now, a character of degree one is afforded by a representation
G — GL(C) and is therefore nothing more than a homomorphism G — C*. Moreover,
the image of this homomorphism is contained in the set of fourth roots of unity which
equals (i) = {1,4,—1,—i}, where i = /—1. Therefore, the four irreducible characters are
given by xx(j) = i*, 0 < k < 3. The character table is as follows:

0 1 2 3
X0 1 1 1 1
X1 1 ¢+ -1 —3
X2 1 -1 1 -1
X3 1 - -1

More generally, if G = (a) is cyclic of order n, then G has n irreducible characters, each
of degree one, given by y;(a’) = w” (0 < i,j < n), where w = *™/" and the character
table of G is [v;;] = [w"].

Remark. Of course, two isomorphic groups have the same character table (up to per-
mutations of rows and columns). However, the converse does not hold. Indeed, we will see
that the dihedral group D4 and the quaternion group (Js have the same character table,
but Dy 2 Qs (Exercise 10).

Set ¢; = |C;|]. Here are the orthogonality relations from Sections 9 and 11 in the new
notation.
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12.1 (ORTHOGONALITY RELATIONS)

L > Ck%kWT ||G|5ij;
G
II. Zk YkiVkj = 75@'-
3

EXAMPLE. To get a feel for the orthogonality relations, the reader could check to see that
they hold for the character table of Z4 given in the example above. Here, we check the
case of general cyclic GG discussed at the end of that example:

L. We have >, cxvi¥ik = > w*w ™% =3, (wi7)k. Now, in general, if 1 # o € C,
then 14+a+a2+---+a" 1 = 1=2" which can be checked by multiplying both sides by 1—a.

11—«

Considering the cases i = j and i # j separately, we get S r—o (w'™9)* = nd;; = |G|d;;.
IL. Similarly, Yo ¥y = S, 0w ™ = ¥, (w )k = 12555

EXAMPLE. Assume G = S5, the symmetric group on three letters. First, in any symmetric
group Sy, two elements are conjugate if and only if they have the same “cycle type,” that is,
when written as products of disjoint cycles, they have the same number of cycles of length
2, of length 3, etc. Indeed, if 0,7 € S,, and 0 = (i1, ...,is), then To77! = (7(iy),...,7(is))
[Hungerford, p. 51], so the statement follows.

Therefore, S3 has three conjugacy classes: C; = {1}, Cy = {(12),(13),(23)}, C3 =
{(123),(132)}. If x1, X2, x3 are the irreducible characters, then their degrees n; satisfy
n? +n3 +n3 = |G| = 6 by 11.2. Therefore, the degrees are 1,1 and 2 and we may assume
the notation is chosen so that ny =1, ny = 1, and n3 = 2.

By convention, x is the trivial character (x1(a) = 1 for all @ € G). Next, x2 is the
“sign character” (available for any symmetric group) given by

1, if a is even,

xz(a) = { —1, ifais odd.

All we know about x3 so far is that x3(C7) = 2. We can use the orthogonality relations
12.1(II) to find the remaining values:

0=> ¥z =1 -1+ 2xs(Ca),
k

0=> ks = 1+ 1+ 2xs(Cs),
k

whence, x3(C2) = 0 and x3(C3) = —1. Therefore, the character table is as follows:

Cp Cy (s

Y1 1 1 1
Y3 1 -1 1
Y3 2 0 -1
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Incidentally, it can be shown that the irreducible character values of any symmetric group
are always integers.

The statement of the orthogonality relations in 12.1 is probably the best suited for
computations, but it lacks symmetry and simplicity. For this reason, the following might
be of interest.

A complex n X n-matrix is unitary if its conjugate transpose equals its inverse. This is
the same as saying that the rows (respectively, columns) of the matrix form an orthonormal
set with respect to the standard inner product on C™: (ay) - (8k) = > Bk

For 1 < i,j < tlet %/'j = Vij /% and put IV = [%/]]
12.2 IV is unitary.

Proor. Computing, we have
. . /A 1 _
(row 7) - (row j) = Z%wjk =G ch%wﬂc = 0ij,
k k

. . — VGG _
(col i) - (col j) =Y VhiVe; = |G|J > Wimg =0y O
P 2




30

13 Direct Products

One of the most powerful tools in finite group theory is induction (usually on the order of
the group). So it makes sense to try to relate the representation theory of a group to that
of its subgroups. This is what we will be doing in the next several sections.

This relationship is easiest to describe if the chosen subgroup has a complement, that
is, if the group is the direct product of two subgroups.

Let G; and G5 be finite groups and throughout this section assume G = G; x Gy =
{(a1,a2) |a; € G;}. If V; is a CG;-module, then Vi ® Vo becomes a CG-module by defining
(a1,a2)(v1 ® v2) = a1v1 ® azvy and extending linearly.

Remark. This is different from the tensor product of modules we considered earlier, for in
that case, V4 and V5 were both modules for the same algebra CH and V; ®V5 became a CH-
module by defining h(v; ®v2) = hv; ®@hv,. Here is the connection: This CH-module V; @ V5
corresponds to a representation that is really the composition H — H x H — GL(V; ® V3),
where the first map is the diagonal map h +— (h,h) and the second is the representation
afforded by the C(H x H)-module as described above.

13.1 If x; is the character of G; afforded by the CG;-module V; (i = 1,2), then the
map (x1,x2) : G = C given by (x1,x2)(a1,a2) = xi1(a1)xz2(az2) is the character of G
afforded by V1 @ V.

PROOF. The proof is similar to that of 8.4(ii). O

13.2  If x is a character of a finite group, then x is irreducible if and only if ||x| =1
(where [[x[| :== (x, x)'/?).

PROOF. Let x be a character of a finite group. Write x = ). n;x;, where {x;} are the
distinct irreducible characters of the group and the n; are nonnegative integers. Then

IXI? =" nini (i xg) = Y _ni.
2,7 1

The result follows. O
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13.3 Ir(G) = Irr(Gy) x Irr(Ga).
PROOF. Let (x1,x2) € Irr(G1) X Irr(G2). Then

1
1O x2)lI? = il > (1 x2)(ar, a2)(x1, x2) (a1, az)
(a1,a2)

:’% Z x1(a1)xz2(az)x1(ar) x2(az)

(a1,a2)

= |G_11| le (a1)x1(ayr) - @ ZXQ(CL2)X2(G2)

= [xallPlIxal?
=1,

so (x1,x2) € Irr(G) by 13.1 and 13.2. Therefore, Irr(G1) x Irr(G2) C Irr(G).
To show equality, it is enough, according to 11.2, to show that the sum of the squares
of the degrees of the various (x1, x2) is |G|. We have,

> Ixxe)(ene2)” = (xalen)® - D (xale2))® =|Gi|Go| = |G| O

(x1,x2) X1 X2
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14 A More General Tensor Product

For the definition of an induced module in the next section, we need a generalization of the
notion of tensor product of two vector spaces as introduced in Section 3. The construction
requires no special properties of the field, so we again work with an arbitrary field K.

Let S be an algebra with identity over K. Let N be a left S-module and let M be a
right S-module (so M is an abelian group equipped with a product (m, s) — ms (m € M,
s € S) satisfying the right-sided analogs of the four module axioms on p. 2). We denote
this situation by N, Mg.

Recall that M and N are vector spaces over K. Let {m;} and {n;} be bases of M
and N, respectively. Then, as in Section 3, M ® N denotes the vector space over K with
basis {m; ® n;}. Also as in that section, we put m ® n = Z” a;B;m; @ n; for arbitrary
m = ,.o;m; €M and n = Zj Bijn; € N. With this definition, it is easily checked that
m®mn is linear in each factor (meaning (m-+m’)®n = m@n+m’@n, (am)@n = a(men),
and similarly for the second factor).

The vector space M ® N can be regarded as a device for changing bilinear maps into
linear maps. Indeed, if V' is a vector space over K and if f : M x N — V is a bilinear
map, then there is a unique linear map f : M ® N — V satisfying f(m ®n) = f(m,n).
(To see this, put f(m; ® n;) = f(mi,n;), extend this definition linearly to M ® N, and
then show that the desired formula holds.)

Let W be the subspace of M ® N generated by all vectors of the form m ® sn —ms®n
with m € M, n € N, and s € S and define

M®sN=M®®N/W.

We denote the coset m @ n+ W by m ®g n. Note that m ®g n is linear in each factor and
that m ®g sn = ms®gn forallme M, n e N, and s € S.

14.1  Let Mg, Mg, sN, sN' be S-modules as indicated. There are vector space iso-
morphisms as follows:
(1) ( MeM)®s N=(M®sN)® (M ®sN),
(2) M®s (N@N')=(M®sN)® (Mg N'),
(3) S s N = N7
(4) M®sS =M.

PROOF. (1) One checks that the function (M & M') x N - (M ®gs N) @ (M’ ®g N)
given by
((m,m"),n) — (m s n,m Qs n)
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is bilinear. Therefore, according to the comments above, we get a unique linear map
p:(MeM)®N = (M®sN)® (M ®s N) satisfying

p((m,m’) ®@n) = (m @5 n,m' ®sn)
(me M, m' € M',n € N). In particular, this formula implies that for each s € S
¢((m,m)s@n — (m,m') @ sn) =0,

so ¢ induces a well-defined linear map @ : (M @& M') ®s N — (M ®s N) @ (M’ ®g N)
satisfying
P((m,m') @5 n) = (m @s n,m' @s n).

Similarly, we get a linear map v : (M ®5 N) @& (M’ ®s N) — (M @& M') ®s N satisfying
Y((m @s n,m’ @sn')) = (m,0) ®s n+ (0,m) @sn'.

One easily checks that 1)@ = 1 and @ = 1. In particular, @ is an isomorphism. The proof
of (2) is similar.

(3) Proceed as above to get linear maps ¢ : S®gN — N and ¢ : N — S®g N satisfying
@¢(s®gn) = sn and ¥(n) = 1®@gn, and then check that both compositions give the identity
map. The proof of (4) is similar. O

Let R and S be algebras with identity over K. An (R, S)-bimodule is an abelian group
M that is both a left R-module and a right S-module such that (rm)s = r(ms) for all
re R, seS, me M. To indicate such a bimodule, we write g Mg.

Let gpMg and s N be modules as indicated. The vector space M ® N becomes a left
R-module if we define r(m ® n) = (rm) ® n. As before, let W be the subspace of M @ N
generated by all vectors of the form m ® sn — ms®n withm € M, n € N, s € S. Then
W is an R-submodule of M ® N since, for » € R, we have

rtm®@sn—ms®n)=rm®sn—r(ms) @n=rm®® sn— (rm)s@n € W.

Therefore, M ®s N = M ®N/W becomes an R-module by defining r(m®gsn) = (rm)®gn.

14.2 Let Lr, Mg, sN be modules as indicated. Then L @r (M ®s N) = (L Qg
M) ®g N as vector spaces.

PROOF. In general, if U, V', and W are vector spaces with W < V', then U @ (V/W') =
UV/U®W by u®7 > u® v, where bars represent cosets.

There is a linear map L ® (M ® N) — (L ®r M) ®s N that sends | ® (m ® n) to
(Il ®r m) ®g n. Indeed, if for fixed | € L we define f; : M @ N — (L ®r M) ®s N by
film®n) = (Il ®gr m) ®g n, then we get a linear map L ® (M ® N) — (L ®r M) ®s N
that sends [ ® = to fi(z) (r € M ® N). Using the previous paragraph and then this map
(together with the Fundamental Homomorphism Theorem), we get linear maps

LoOM@sN)=Lo(MN/W)2Le(M®N)/LoW — (Log M)®g N
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(W as before the statement of this theorem) that sends [ ® (m ®gn) to (I ®pm) @sn. In
turn, this composition induces a linear map

L®R(M®SN)—>(L®RM)®SN

that sends [ @ (m ®g n) to (I ®g m) @g n.
We get a similar map in the other direction and each composition gives the identity
map. [J

FExercise 7

Let the notation be as at the first of this section. A linear map f: M @ N — V (V a vector space over
K) is middle linear if f(m ® sn) = f(ms®n) for all m € M, n € N, s € S. Let C be the category
defined as follows: The objects are pairs (V, f) where V is a vector space over K and f: M Q N —» V
is a middle linear map; a morphism (V, f) — (V’, f’) is a linear map ¢ : V' — V'’ such that po f = f’.
Let m: M ® N - M ®g N be the canonical epimorphism. Prove that (M ®g N, ) is a universal
(=initial) object of C [Hungerford, p. 57].
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15 Induced Modules

Let H be a subgroup of G. Then CH is a subalgebra of CG. Moreover, CG is a (CG,CH )-
bimodule. Therefore, if N is a CH-module, we get a CG-module

N¢ .= CG ®cy N

called an induced module. In this section, we will study the structure of this module
and relate the representation and character it affords to those afforded by V.

Fix a set {az,...,a,} of representatives of the left cosets of H in G, so that G = U;a; H.
Below, we write a ® n for the tensor a ®cy n € NC.

15.1 Let the notation be as above.
(1) dimg NY =[G : H]dimg N,
(2) N has basis {a; @ ng}, where {ny} is a basis for N.

ProOOF. (1) First note that CG = ZiaiCH, since G = U;a; H and the subspace of
CG generated by a;H is a;CH. Now each a;CH is isomorphic to CH as right CH-
module, so we have CG = @;_, CH as right CH-modules. Using 14.1, we get vector
space isomorphisms N¢ = CG ®@cy N = @,(CH ®@cu N) =2 @, N. Hence dimc N¢ =
rdimgc N, as desired.

(2) By part (1), it is enough to show that this set spans N¢. Let a € G. Then a = a;h
for some i and some h € H. Hence, for any n € N, we get

a®n:a¢®hn:a¢®(2aknk) :Zak(%@nk),
k k

where hn = Y, apny. Since NG is spanned by elements of the form a ® n, the proof is
complete. [

15.2 Let the notation be as above. Let R be the matriz representation of H af-
forded by N relative to the basis {ni,...,ns}. For each a € G and 1 < i,j < r, set
Ri;(a) = R(a; *aa;), where we define R(g) :=0 if g ¢ H. Then RS := [Ry;] is the matriz
representation of G afforded by the induced module N¢ relative to the basis {a; @ ny}
(ordered lexicographically).

PROOF. Write R = [oyy] so that hny = >, agi(h)ny for each h € H. Now let a € G
and fix 1 < j < r. Then aa; = a;h for some uniquely determined 1 <7 <7 and h € H.
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Note that h = ai_laaj. Hence, for any 1 <[ < s we have,
CL(CL]‘ & ’I’Ll) = aih KN =a; hnl =a; ® (Z akl(h)nk
k

= Z akl(ai_laaj)ai X Ng.
k

Therefore, we have the following picture:

J
——
aj ®mny
0 0 0 | aula; taay)
L ai®ng L
1 0 0 10
RC (a) = [ R(a; 'aq;) = Ryj(a)
0 0 0
0 0 0

Note that if i’ # i, then a;,'aa; ¢ H so that Ry ;(a) = 0. This proves the theorem. [J

If the CH-module N affords the character x, then we write Y& for the character afforded
by the induced module N¢ and call it an induced character.

15.3  With the notation as above, we have

ng ag),

gGG

where x(b) :=0ifb ¢ H.

PRrooF. Using 15.2, we get
XG( )—trRG ZtrRu ZtrR i aaZ ZX ; aaz

Now, if h € H, then 8.5(4) says x(a; "aa;) = x(h~'a; 'aa;h), so we have

gGG



15 Induced Modules 37

15.4 (ApDITIVITY OF INDUCTION)  If N and N’ are CH-modules, then (N ®N')¢ =
NS @ N'C. In particular, if x and X' are characters of H, then (x +X)¢ =x% + e,

PRrROOF. Using 14.1(2) we get a vector space isomorphism
(N & NS =CG ®cy (N®N') = (CG&cy N) & (CGocy N') = NC & N'C.

It is easy to check that this isomorphism is actually a CG-isomorphism. The statement
about characters now follows from 8.4(1) O

15.5 (TRANSITIVITY OF INDUCTION) If H < J < G and N is a CH-module, then
(NG = NC. In particular, if x is a character of H, then (x?)% = x¢.

ProoOF. We have by definition
(N7)¢ = CG ®@cy (CJ @cu N).

By 14.2, the expression on the right is isomorphic as vector space to (CG ®cy CJ) Qcu
N, and the isomorphism in the proof of that result is easily seen to be a (left) CG-
isomorphism. In turn, the vector space isomorphism CG ®cy; CJ = CG of 14.1(4) is
clearly an isomorphism of (CG, CH )-bimodules. Therefore,

(N7)6 =~ (CG ®cy CJ) ®cnu N =2 CG®cy N =N, O
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16 Frobenius Reciprocity

Let H be a subgroup of G, let M be a simple CG-module and let N be a simple CH-
module. The module M viewed as a CH-module (denoted M) might not be simple, but
Maschke’s Theorem (7.1) says it is at least isomorphic to a direct sum of simple modules.
Similarly, N is isomorphic to a direct sum of simple modules. “Frobenius Reciprocity”
states that the number of times N occurs as a direct summand of My is the same as
the number of times M occurs as a direct summand of N©. This can be proved by a
straightforward character computation (see remark after 16.5), but we will give a more
conceptual module-theoretic proof.

For the time being, let K be any field and let R be a K-algebra with identity. For (left)
R-modules L and M, denote by Hompg (L, M) the set of all R-homomorphisms from L to
M. This set is a vector space over K with operations coming from those on M.

16.1 Let L, L', M, and M’ be R-modules. There are vector space isomorphisms as
follows:

(1) Homg(L @ L', M) =2 Hompg(L, M) ® Hompg (L', M),

(2) Homp(L,M & M') 2 Homp(L, M) & Homp (L, M'),

(3) Homp(R, M) = M.

Warning: In general, Homp (M, R) % M.

PROOF. (1) The desired isomorphism is obtained by sending f to the pair (focy, forr)
(= (flz, flz’)), where ¢f, (respectively, ¢1/) is the usual injection.

(2) The desired isomorphism is obtained by sending f to the pair (mp; o f,wp © f),
where ) (respectively, my/) is the usual projection.

(3) Here, define ¢ : Hompg(R, M) — M by ¢(f) = f(1). Clearly, ¢ is a monomorphism.
Form € M, define f,, : R — M by f,,(r) = rm. Then f,, € Homg(R, M) and ¢(f,,) = m,
so  is surjective. [J

Now let S be another K-algebra with identity and suppose we have modules rpLg and
rM as indicated. Then Hom(L, M) (= space of K-linear maps from L to M) becomes
an S-module if we define (sf)(l) = f(ls) (f € Hom(L,M), s € S, | € L). Moreover,
Hompg(L, M) is an S-submodule of Hom(L, M), for if f € Hompg(L, M), then

(s£)(rl) = f((r)s) = f(r(s)) = r(f(Is)) =r((s£)D)).

Note the similarities between these homomorphism modules and the tensor products
discussed earlier. Of course, there are the results 14.1 and 16.1. But also, Hompg(L, M) is



16 Frobenius Reciprocity 39

an S-submodule of Hom(L, M) while, given modules pMg and gN as indicated, M ®g N
is a quotient of the R-module M ® N. Since submodules and quotients are dual concepts,
this suggests the same of homomorphism modules and tensor products. The following
theorem expresses an explicit relationship between these modules.

16.2 (ADJOINT ASSOCIATIVITY)  Let gLg, rM, and sN be modules as indicated.
There is a vector space isomorphism

Homp(L ®s N, M) = Homg (NN, Hompg(L, M)).
PROOF. See Exercise 8 below. [

We now return to a discussion of modules for group algebras over the field of complex
numbers. Given CG-modules M and M’, we put

tca(M, M'") := dimc Homgg (M, M")

and call this number the intertwining number of M and M’. According to 16.1, this
number is “additive” in each component, meaning

veq(My ® My, M') = toa(My, M') + teca(Ma, M'),
and similarly in the second component.

16.3 Let the notation be as above. If M and M’ afford the characters x and X',
respectively, then tca(M,M") = (x,X'). In particular, if M’ is simple, then tcq(M, M)
is the multiplicity of M’ as a direct summand of M, and similarly, if M is simple, then
tea (M, M") is the multiplicity of M as a direct summand of M.

PRrROOF. By Maschke’s Theorem (7.1) we can write M = @, m;M; and M' = @, m;M,;
with the M,; pairwise nonisomorphic simple modules and the m; and m/ nonnegative
integers. According to Schur’s Lemma (6.2), we have

C, i=y

0, ©#J,

so that tcq(M;, M;) = 6;;. Using the additivity in each component of the intertwining
number, we obtain

teg(M, M) Zmzm e (M;, M;) Zml

’.7

Homc(;(M,-, Mj) = {

On the other hand, if y and Y’ are the characters afforded by M and M’, respectively,
and x; is the (irreducible) character afforded by M;, then 8.4 gives x = Y, m;x; and

X' =Y, mix:, so that
Zml O xg) = 3 mam
i

where we have used 9.7. This gives the first statement. The second now follows from
9.5. O
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16.4 (FROBENIUS RECIPROCITY FOR MODULES)  Let H be a subgroup of G, let M
be a simple CG-module and let N be a simple CH-module. The multiplicity of N as a
direct summand of My equals the multiplicity of M as a direct summand of N.

PROOF. It is easy to see that the isomorphism Homcg(CG, M) = M of 16.1 is actually
a CH-isomorphism (viewing CG as a (CG,CH)-bimodule and hence Homcg(CG, M)
as a CH-module). Therefore, 16.2 gives Homcg(N%, M) = Homcgy (N, M), so that
tcg(NY, M) = 1cg (N, Mg). The result now follows from 16.3. O

Given a class function y on G and a subgroup H of G, we denote by x g the restriction
of x to H (manifestly a class function on H). If the CG-module M affords the character
X, then the CH-module My affords the character xpg.

16.5 (FROBENIUS RECIPROCITY FOR CHARACTERS)  Let H be a subgroup of G, let
X be a character of G and let \ be a character of H. Then (A%, x) = (\, x#).

PRrROOF. First note that restriction and induction of characters are both additive, that
is, (X +X)g = X + Xy (clearly) and (A +\)¢ = \¢ + X (by 15.3, for instance). Hence,
we may assume that xy and A\ are both irreducible. The result now follows from 16.4 and
9.5. O

Remark. Let H be a subgroup of GG. For an arbitrary class function A on H, we define
a class function A on G be means of

ZAOg ag),

gEG
where N b e
) 6 )
0, b ¢ H.

By 15.3, this notation agrees with the earlier notation in the case A is a character.

Using 10.2 and 16.5, it is easy to show that the formula (A%, x) = (), xg) holds for
arbitrary class functions xy € CI(G), A € Cl(H). We also give a proof of this using the
definitions alone. Computing, we have

(A\C, x) = Z)\G

aEG

|G|Z ZAOQ ag)x(a)

aeG geG

|H\ |G| 22N (g™"ag)

g€G aeG

ERIPRY

geG beG
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where we have used that A\°(G\H) = 0 for the penultimate equality.

FExercise 8

41

Prove 16.2. (Hint: Define maps in both directions and show that the compositions are the respective

identity maps. Do not bother to check linearity of the various maps involved. Note, however, that you

need to check that your maps are well-defined in the sense that they map into the indicated spaces.

Also, since L ®g N is a quotient space, you may need to check that your definitions are independent of

the chosen coset representative.)
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17 Clifford Theory

Clifford theory relates the representations of a group to those of a normal subgroup. The
main theorem (17.3), due to Clifford, says that the restriction of a simple module to
a normal subgroup is isomorphic to the direct sum of a full conjugacy class of simple
modules (or possibly a direct sum of several copies of such).

We need some preliminaries. The first result gives a way to detect induced modules.

17.1  Let H be a subgroup of G, let M be a CG-module, and let L be a submodule of
Mpy. If M =), . aL, where A is a set of representatives for the left cosets of H in G,
then M = L©.

PROOF. Assume the hypotheses. Define ¢ : CG® L — M by s®1[ — sl (s € CG,
[ € L). This is a CG-homomorphism; it is clearly surjective by our assumption on M.
Note that
o(s @ hl) = s(hl) = (sh)l = p(sh ®1)

(s € CG,he€ H,I < L), sowe get an induced CG-epimorphism ¢ : L¢ = CG®cyL — M.
By 15.1, dimg L® = [G : H]dimg L. This is also the dimension of M by our assumption,
so ¢ is an isomorphism. [

Let M be a CG-module and let L be a simple submodule of M. The submodule

L:i=>Y L'<sM
L'<M
L'~L
is called the homogeneous component of M containing L.

17.2  Let the notation be as above.

(1) L=@._, L for some positive integer t.

(2) If L' is another simple submodule of M, then L'=1L if and only if L' = L.
(3) M = ZNGNN, where N is the set of homogeneous components of M.

PrOOF. (1) Let {Li,...,L:} be a collection of submodules of M with L; = L and
Lin ) 2Ly = {0} for each i. Since dimg)_; L; = tdimc L, it is clear that there is
a maximal such set, which we assume without loss of generality to be {Li,...,L;}. Let
Lty be a submodule of M with L;y; =2 L. Then Ly C Zle L;. Indeed, if this were

not the case, then, since L;. is simple, we would have L;y; N <Z§:1 Li) = {0} and then
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Liny2; . Ly = {0} for al.l 1 < i <t+1, contradicting maximality of the set {Lq,...,L;}.
It now follows that L = 3. L; = @._, L.
(2) Let L’ be another simple submodule of M and assume L’ = L. By part (1), we have

@21:1 L' = @221 L for some positive integers t and ¢’. Since the summands in a direct sum
of simple modules are the composition factors of the sum, the uniqueness of composition
factors guaranteed by the Jordan-Holder Theorem implies L’ = L. The converse is clear.

(3) By Maschke’s Theorem, M is the internal direct sum of a collection of its simple
submodules, and, since each simple submodule is contained in its own homogeneous com-

ponent, we have M =\ - N. We just need to show that this sum is direct. Fix N € N.

We have N = L for some simple submodule L of M. By part (1), every composition factor,
and hence every simple submodule, of N is isomorphic to L. On the other hand, if N’ € N/
and N’ # N, then by parts (1) and (2), no composition factor of N’ is isomorphic to L.

Since the sum ) n/cpr N’ is a homomorphic image of the direct sum @y N, it follows
N'#N N'#N
that it has no composition factor, and hence no submodule, isomorphic to L. Therefore,

NN > N ={o0},
N'eN
N'#£N

and the result follows. [

Let H be a subgroup of G and let @ € G. For h € H put “h = aha~! and define
“H ={®h|h € H} = aHa™!. Let L be a CH-module. The conjugate of L by a is the
C(“H)-module “L that has as underlying vector space L and as action ®h -l = hl (h € H,
[ € L). It is easy to see that “L is simple if and only if L is simple. Note that if H <G,
then L is a CH-module.

17.3 (CLIFFORD’S THEOREM FOR MODULES)  Let M be a simple CG-module, let
H <G, and let L be a simple submodule of M. Set H={a € G|aL =L} < G and let A
be a set of representatives for the left cosets of H in G.

(1) {*L}qca is a complete set of pairwise nonisomorphic conjugates of L.
(2) My =t (@,cq L), where t is the multiplicity of L as a summand of M.
(3) L is a CH-submodule of M. We have Ly = @._, L and L¢ = M.

PROOF. Step 1: For each a € G, we have aL = *L as CH-modules. First note that
HalL = aa 'HalL = aL, so aL is indeed a CH-module. Define ¢ : L — aL by ¢(l) = al.
This is clearly a vector space isomorphism. For h € H, we have

oh-1)=¢(“(a " ha) - 1) = p(a” " hal) = aa™*hal = hal = hp(1),

so ¢ is a CH-isomorphism.

Step 2: We have M =} _,aL. Foreachb € G, wehaveb)  al =3 baL =) al,
80 Y e al is a CG-submodule of M. It contains L = el (assuming that e € A, which
we can do without loss of generality) and is hence nonzero. Since M is simple, the result
follows.
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Step 3: For each a € G, we have al = aL. Let a € G. By Step 1, aL is isomorphic to
L and is hence simple. Thus al is defined. Now

al =a Z L' = Z all C Z L’zc?[i,

L'<Mpyg L'<Mpyg L'<Mpg
L'~L L'~L L'>~aL

so aL C alL. This, in turn, implies

oL = aa"tal Caatal = al.
Step 4: al = bL if and only if aH = bH. Indeed,
al =bL < alL=bL = b lal =L > b lac H «— oH = bH,
the first equivalence from Step 3.
We are now in a position to prove the theorem. Using Step 1, 17.2(2), and Step 4, we
find that L = °L if and only if aH = bH (a,b € G). This proves (1).
Next, we prove (2). We have by Step 2 that

M:ZaLQZCEQMa

acG a€eG

which forces M =3 aL. In particular {aL|a € G} is the complete set of components
of My (see 17.2(3)). By Step 4, the modules aL (a € A) are the distinct components of
My, so by 17.2(3), we have My = ZaeAgI/L.

Let a € A. According to 17.2(1), al = @ffl) aL for some positive integer t(a). Now,
the map x — ax defines a vector space automorphism of M. Hence (assuming without
loss of generality that e € A),

t(a) dimg L = t(a) dime aL = dimg aL = dimc aL = dimc L = t(e) dimc L.
We conclude that t(a) = t(e) =: t for all a € A. Therefore,

MH:ZaeAcig@%aL%é@“L:t (@%).

a€A i=1 i=1 a€A acA
Moreover, by part (1), ¢ is precisely the multiplicity of L as a direct summand of M.
This completes the proof of (2).
It remains to prove (3). First, by the definition of H, it is clear that L is a CH-
submodule of M. By 17.2(1) and our definition of ¢, we have Ly = @le L. Finally,
from the proof of part (2) together with Step 3 we get

M= ZaeA;i - ZaeAaINJ'

Therefore, 17.1 implies M =~ LE. O

Let H be an arbitrary subgroup of G, let L be a CH-module and let a € G. If L affords
the character A\, then the C(*H )-module “L affords the conjugate character *\ of *H
defined by *A(*h) = A(h).

We state the most frequently used portion of 17.3 in terms of characters.
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17.4 (CLIFFORD’S THEOREM FOR CHARACTERS) Let H < G, let x € Irr(G), let
A€ Irr(H) and assume t := (xu, ) #0. We have xg =t 4\, where {*A}aca is a
complete set of distinct conjugates of .

FEzercise 9

A CG-module is faithful if the representation it affords has trivial kernel (i.e., if the representation is

injective). Prove that if there exists a simple faithful CG-module, then the center of G is cyclic.
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18 Mackey’s Subgroup Theorem

Let X and Y be two subgroups of GG. Given a CX-module L, we can induce up to the
group G and then restrict down to the subgroup Y to obtain the CY-module (L%)y. The
main result of this section, due to Mackey, expresses this new module in terms of modules
obtained by taking conjugates of L, restricting them to certain subgroups of Y, and then
inducing the resulting modules up to Y.

The constructions depend on the following notion from group theory. Given a € G, the

set
YaX = {yazx|y €Y,z € X}

is called a (Y, X)-double coset. The main facts about double cosets are summarized in
the next result.

18.1 Let X and Y be two subgroups of G.

(1) The set of (Y, X)-double cosets partitions G.

(2) For each a € G, the set YaX is a union of left cosets of X and is also a union of
right cosets of Y .

(3) Leta € G. If B is a set of representatives for the left cosets of *X NY inY, then
Ba is a set of representatives for the left cosets of X in YaX.

PROOF. (1) Let YaX and Ya'X be two (Y, X)-double cosets and suppose their inter-
section is nonempty. Then the intersection contains an element b, which can be written
b = yaxr and also b = y'a’x’ for some y,y’ € Y and z,2’ € X. Then

YaX =YyaxX =Yy'd'2’ X =Yd X.

We conclude that the double cosets are pairwise disjoint. Finally, if a € G, then a = eae €
YaX, so G is the union of the (Y, X)-double cosets.

(2) For each a € G, we have YaX = UyeyyaX and YaX = UzexYax.

(3) Let B be a set of representatives for the left cosets of *X NY in Y. We first show
that YaX = BaX. Let y € Y. Now y lies in some left coset of X NY, so we have
b1y € *X NY for some b € B. In particular, b='y = aza™! for some x € X. Then
yaX = yaxr !X = baX. Thus YaX = BaX, as desired. Next, suppose baX = b'aX for
some b,b’ € B. Then

VEXNY)=baXa 'NY =baXa ' NY =b(*XNY),

so b/ = b (implying b’a = ba). This completes the proof. [
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18.2 (MACKEY’S SUBGROUP THEOREM)  Let X and Y be subgroups of G. If L is a
CX-module, then

Ly = P (("L)exry)”

a€A
where A is a set of representatives for the (Y, X)-double cosets in G.

PRrROOF. Let L be a CX-module. Fix a (Y, X)-double coset D and let W (D) be the
subspace of LY = CG ®cx L given by (writing ® for ®cx)

W(D)=> c®L,

where C'is a set of representatives for the left cosets of X in D (see 18.1(2)). This definition
does not depend on the choice for C. Indeed, let C and C’ be two sets of representatives
for the left cosets of X in D. If ¢/ € C’, then ¢/ = cx for some ¢ € C and x € X, implying

cRL=ccL=c®xzL=c® L.

This gives Y oo ¢ ® L C )Y .o c® L, and symmetry yields equality as desired.
Now W (D) is a CY-submodule of (L%)y. Indeed, if y € Y and C is as above, then for
any ¢ € C, we have yc = ¢’z for some ¢’ € C and z € X, so that

Yo L)=yex L=Cdr® L= ®zL=c®L,

and the claim follows.
Write D = YaX and let B be a set of representatives for the left cosets of X NY in
Y. By 18.1(3), C':= Ba is a set of representatives for the left cosets of X in YaX, so

W(D) = ZbeBba oI = ZbeBb(a @ L),

where we have used 15.1(2) to see that the sum is direct. Now the map ¢ : *L — a® L given
by p(I) = a®1is a C(*X)-isomorphism. Indeed, it is clearly a vector space isomorphism,
and we have
e(lz-l)=pl)=a@rl=ax @l ="ra®l=""zp(l)

(x € X, 1l €°L). In particular, a ® L = *L as C(*X NY)-modules. Therefore, by 17.1, we
have W (D) 2 ((“L)exny)" as CY-modules.

Finally, 15.1(2) and 18.1(1) imply LE = ZDW(D), where the sum is over all (Y, X)-
double cosets D in GG, whence

L9y = P ("L)exry)”

a€A

where A is a set of representatives for the (Y, X)-double cosets in G. This completes the
proof. [

We record a useful special case of 18.2.
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18.3 If H<G and L is a CH-module, then

(Lu = PeL,
a€A

where A is a set of representatives for the (left) cosets of H in G.

PRrROOF. Assume the hypotheses and let A be as stated. For each a € A, we have
HaH = aHH = aH, so that A is also a set of representatives for the (H, H)-double cosets
in G. Also, for each a € A, we have

(“L)ernm)™ = ((“L)g)" 2 L.
The result now follows from 18.2. O

Remark. One can also prove 18.3 quite easily without using Mackey’s Subgroup The-
orem. With the notation as in the statement, it is easy to see that for each a € A, the
subspace a ® L of LY is actually a CH-submodule. Moreover, by essentially the same
argument as that in the proof of 17.3, Step 1, we have a® L = *L (a € A) as CH-modules.

Therefore, .
G _ ~ a
=3, oo L= @
ac

as desired.
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19 Quotients

In the last few sections, we have been studying the relationship between the representations
of a group and those of its subgroups. We see in the next theorem that the relationship
between the representations of a group and those of a quotient of the group is much easier
to describe.

Let H be a normal subgroup of G. Put G = G/H and let 7 : G — G denote the
canonical epimorphism (7(a) = aH).

19.1  The assignment p — pow defines a bijection between the set of representations
of G and the set of those representations of G with kernel containing H. Moreover, this
map sends each irreducible representation to an irreducible representation.

ProoOF. If p: G — GL(V) is a representation, then por : G — GL(V) is a representa-
tion with kernel containing H, so the map is well-defined.

Let ¢ : G — GL(V) be a representation with kernel containing H. By the main lemma
to the First Isomorphism Theorem (see [Hungerford, Theorem 5.6, p. 43]), there exists a
unique homomorphism ¢ : G — GL(V) such that ¢ o ™ = ¢, that is, such that ¢ — .
This shows that the map is bijective.

Finally, if p : G — GL(V) is a representation and W < V satisfies ((po7)(G))W C W,
then (p(G))W C W. Therefore, the last statement follows. [
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20 Example: The Dihedral Group

In this section, we use some of the theory we have developed to compute the character
table of the dihedral group.

Fix a positive integer m and let G = D,,, the dihedral group of degree m. Thus G is
the group of symmetries of a regular m-gon. Since there are m orientations of the m-gon
without flipping it over, as well as m orientations after flipping it over, it is clear that G
has order 2m.

Position the m-gon in such a way that one of the vertices is at the top. Label the
vertices 1,2,...,m starting with 1 at the top and proceeding clockwise. Any orientation
of the m~gon gives rise to a permutation of the vertices, which can be viewed, relative to
the labeling system just described, as an element of the symmetric group S,,. In this way,
we consider G to be a subgroup of S,,. The clockwise rotation of the m-gon through an
angle of 27 /m radians is given by

(1 2 -+ m—-1 m
““\23 .. m 1)
The flip of the m-gon about the vertical line through the top vertex is given by
b— 1 2 3 -oom—1 m
\1 m m-1 --- 3 2 )

Since any symmetry of the m-gon produced by rotation is a power of a, it follows that
G = (a,b). It is easy to check that a™ = 1 = b2, and that a’b = ba~"* for all i. In particular,
G = {a’,ba’ |0 < i < m}.

Set H = (a). Then H is a cyclic group of order m. According to the first example of
Section 12, H has precisely m irreducible characters A; (0 < j < m) given by \;(a’) = w",
where w = 2™/™,

Fix 0 < j < m. Now H is a normal subgroup of G since, for instance, its index in G is

two. Therefore, 18.3 applies to give
A=A+,

where b)\j denotes the conjugate by b of the character \; as defined in Section 17. For each
h € H, we have

"Ai(h) =X ("(07 hb)) = X (b7 hb) = Aj(hTh) = A, (h),
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whence ®\; = \;. Then, by Frobenius Reciprocity (16.5), we get

A EA) = g (D m) = g Ay + ) = 1+ (0, ).
Hence, \;“ is irreducible if and only if A; # \; (see 13.2).

The even m case. By the previous paragraph, )\jG is irreducible if 1 < j < m/2. This
gives m/2 — 1 distinct irreducible characters of G, each of degree two. Since the sum of the
squares of the degrees of the irreducible characters equals the order of the group (11.2),
we see that we have not yet found all of the irreducible characters.

Set K = (a?). Then K is a normal subgroup of G. Indeed, it is clear that a "' Ka = K
and since a’b = ba~%, we have b1 Kb = K. Since a and b generate G, the claim follows.
The group G := G/K has order four and it contains two elements of order two, namely
a and b. Hence we obtain an isomorphism G — Zy @ Z, by mapping a@ ~ (1,0) and
b~ (0,1). Denoting by o the nontrivial character of Zs (i.e., (0) = 1, o(1) = —1), we
have from 13.3 the following character table of Zy @ Zs:

(0,0) (1,0) (0,1) (1,1)

1 1 1 1 1
(0,1) 1 -1 1 -1
(1,0) 1 1 -1 1
(o,0) 1 -1 -1 1

According to 19.1, the compositions of these characters with the canonical map G — G =
Z5 @ Zs, yield four characters of G, each of degree one, which we denote by ;, 0 < i < 3,
respectively. Checking the sum of the squares of the degrees we see that these characters
complete the list. There are thus m/2 + 3 irreducible characters of G and the character
table is as follows (1 < j < m/2):

a ba’

P =1 1 . 1
V1 (—1)° (—1)°

o I -1
¢3 (_1)1” (_1)z+1

Aj 2COS27T# 0

To get the last line, note that
)\jG(ai) = \;(a") + )\j(a) = w"’ + w™ ¥ = 2Re(w") = 2 cos(27ij/m),
and that for x € G\H,

1 _
A€ (x) = ] Y Mg twg) =0
geG
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by 15.3, where we have used the definition of )\? and the fact that g~'xg ¢ H for each
g € G since H is normal.
Finally, one checks that G has m/2 + 3 conjugacy classes, namely,

{1},

{a',a™ "} (1 <i<m/2),
{a™2},

{ba®* |0 < k < m/2},
{ba® 10 < k < m/2}.

Therefore, the number of irreducible characters equals the number of conjugacy classes as
expected (see 10.3).

The odd m case. In this case, )ij, 1 <j < (m-—1)/2, are irreducible and distinct. This
yields (m — 1)/2 irreducible characters of degree two. Also, G/H is isomorphic to Zs, so,
arguing as above, we obtain two characters of degree one. Summing the squares of the
degrees, we get 2m = |G|, so these are all of the irreducible characters of G. Thus, there are
(m + 3)/2 irreducible characters and the character table is as follows (1 < j < (m—1)/2):

a’ ba’

Wo =1 1 1
Py -1
)\jG 2 cos 2"# 0

There are (m + 3)/2 conjugacy classes, namely,

{1},
{a,a™™} (1<i<(m—1)/2),
{ba" |0 < i < m}.

FEzercise 10

0 1
-1 0
and D4 have the same character table, yet Qg % D4. (Hint: First check that A4 = J = B% and that
BA = A3B.)

Let Qs be the subgroup of GL2(C) generated by A = [ ] and B = [0 (ﬂ Show that Qs
i
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21 The Structure of the Group Algebra

According to Maschke’s Theorem (7.1), the group algebra CG is semisimple. (See Hunger-
ford, Theorem 3.7 (i < v), p. 439. Note that CG is left Artinian. Indeed, its left ideals are
vector subspaces and, since CG is finite-dimensional, any chain of left ideals must termi-
nate.) Therefore, the Artin-Wedderburn Theorem (Hungerford, Theorem 5.4, p. 452) says
that CG is isomorphic to a direct sum of matrix algebras with the entries of each matrix
algebra coming from a division algebra over C. In this section, we give an elementary proof
of this special case of the Artin-Wedderburn Theorem using the representation theory we
have developed.

Let x1,...,xt be the irreducible characters of G. For 1 <i <t let R; : G — GL,,(C)
be a matrix representation of G affording x; and note that n; = x;(e). We extend R;
linearly to an algebra homomorphism CG — Mat,,, (C), which we continue to denote by
R;.
Set R = (R;) : CG — @, Mat,,(C). So for z € CG, we have R(z) = (Ri(z)) =

(Rl(x), oo, Ry (x)) This is an algebra homomorphism, where the codomain is viewed as
an algebra under componentwise multiplication.
Let n = ), n;. The set of all diagonal block matrices, with blocks of sizes ni,ns, ..., ny,

respectively, is a subalgebra of Mat, (C). It is easy to see that this subalgebra is iso-
morphic to @, Mat,, (C). We use this isomorphism to identify these two algebras. In
particular, for any x € CG, we view R(z) as the diagonal block matrix with blocks
Ri(x), Ra(x), ..., Ri(x), respectively.

21.1  The map R : CG — @, Mat,,,(C) is an algebra isomorphism.

Proor. It was observed above that R is an algebra homomorphism. The dimension
of both algebras is |G| = >, n? (see 11.2), so it suffices to show that R is injective. For

(2

this, it is enough to find a map S : @, Mat,,(C) — CG such that So R = 1. Set
S((Dz)) = ZaeG Baa, where

Ba = ﬁ an tr (Ri(a™")D;).

If £ =3, ccaa € CG, then (So R)(z) = S((Ri(x))) = X ,eq Batt, where

Ba = é an tr (Ri((l_l)Ri (Z Ozbb)>

beG
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— é an Z ap tr (Ri(a_lb))

beG

_ ﬁ >y i@l la)

beG i

1
= @ Z Ozb|G|5ab

beG
= Uy,

using 11.1 for the next to the last equality. [

There are several obvious structural features of @, Mat,,,(C), which carry over to CG
thanks to 21.1. We point out a few of these features next.
Set B = @, Mat,,,(C). For each 1 <1i < ¢, set

B; =(0,...,0,Mat,, (C),0,...,0)
and put 4; = R™Y(B;).

21.2 Let the notation be as above.

(1) Each A; is an ideal of CG and CG = zlA,

(2) Let L; be a simple CG-module affording x;. Then A; is a direct sum of n; left
ideals, each CG-isomorphic to L;. In particular, CG = @, n;L; as CG-modules.

(3) Lete; = el Y wec Xi(a™a. Then e; is a multiplicative identity of A; and Y, e; =
1 e Ca.

PROOF. (1) Clearly each B; is an ideal of B and B = ZiBi, so the statement follows
from 21.1.

(2) For each 1 < j < n,;, let B;; be the subspace of B consisting of those matrices
having nonzero entries confined to the jth column of the ith block. In particular, B;; C B;.
Clearly, B;; is a left ideal of B and B; = ZjBij‘ Therefore, each A;; := R™(B;;) is a left
ideal of CG and A; = 3, Aj;.

We claim that A;; = L; as CG-modules. To prove this, it suffices to show that B;; = L;,
where the B-module B;; is viewed as a CG-module via R. Now L; can be identified with
C™i (= space of n;-dimensional column vectors over C), which is a CG-module with
multiplication zl = R;(z)l (x € CG, | € C™), the product on the right being matrix
multiplication. Let ¢ : L; = C™" — B;; be the natural map. Then

(1,9)

o(zl) = p(R;(2)l) = (0,...,0,Ri(z)l,0,...,0) = R(z)¢p(l) = zp(l)

(x € CG, | € L;), where the superscript (i,7) signifies the jth column of the ith block.
Therefore, ¢ is a CG-isomorphism.

Finally, . '
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(3) Let E; = (0,...,0,1,,,0,...,0) € B. Then, with notation as in the proof of 21.1,

we have n
RUE)=SE)=—=> xilaHa=e.
|G| aceG

Therefore, by 21.1 it suffices to show that E; is a multiplicative identity of B; and that
>.; Ei = I, both of which are clear. 0O
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22 The Center of the Group Algebra

In the last section, we saw that many structural properties of the group algebra CG become
transparent once it is identified with a direct sum of matrix algebras. Here, we continue
using this technique to study the center of CG. (The center Z(R) of a ring R is the
set of those elements of R that commute with all other elements: Z(R) := {z € R|zr =
rz for all » € R}.)

22.1 Let n be a positive integer. The center of Mat,, (C) is the set {al |a € C} of all
scalar matrices.

PROOF. First, the set of scalar matrices is clearly contained in the center of Mat,, (C).

Now, let [a;;] be in the center of Mat, (C) and let Ey; = [e;;] be the n x n-matrix with
1 in the (k,l)-position and zeros elsewhere. Since [a;;]Ex = Ekiaj], we have for all
1<,k l<n

Qi = E ajjej = E eijoj; = 010k
J J

For i # k, we have «;; = 0, while, for any 1 <4,l < n, we have a;;; = ay. U

Remark. This result also follows from Schur’s Lemma (6.2). (Actually, for this we re-
quire the GG in the statement of Schur’s Lemma to have infinite order. Defining a represen-
tation of an infinite G just like we did for finite G, it is easily checked that representations
still correspond to CG-modules where now CG consists of only finite linear combinations
of group elements. The proof of Schur’s Lemma is seen to be valid in this setting.) Set
G = GL,(C) and V = C". We view V as a CG-module via matrix multiplication. It is
easy to see that V is simple as such. Let A be in the center of Mat,,(C) and let f : V — V
be multiplication by A. Then for all a € G, v € V we have f(av) = Aav = aAv = af(v),
so f is a CG-homomorphism. By Schur’s Lemma, f = aly for some o € C, whence
A=al.

Let the notation be as in Section 21. According to 21.1, R : CG — @'_, Mat,,, (C) is an
algebra isomorphism. Therefore, R maps the center Z = Z(CG) of CG isomorphically onto
the center of @, Mat,,, (C), which, by 22.1, is ZiCEi, where E; = (0,...,0,1,,,0,...,0).
Therefore, if z € Z, then R(z) = ), w;(2)E; for unique w;(z) € C. This defines for each
1<i<tamapw;:Z — C. Clearly, each w; is an algebra homomorphism.
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22.2 Ifz= ZaEG aqa € Z, then for each 1 <1 <t we have

Z aaXz

Proor. Let 1 < ¢ < t. The given formula for w; is linear in z, so it suffices to check
its validity on a basis for Z. Since {F;|1 < i < t} is clearly a basis for the center of
D, Mat,,, (C), the set {e; | 1 < i <t} is a basis for Z, where e; = S(E;) = eil > xi(a™a
(S as in the proof of 21.1). For each 1 < j <'t, we have

-1
Wi(ej) = zy |G| ZX] Xz nz Z ‘G‘Xj Xz( )

This completes the proof. [

Let C1,...,C; be the conjugacy classes of G (there are ¢t such by 10.3) and for each
1<i<t, sets; = Zceci c.

22.3  With notation as above, {s; |1 <1i <t} is a basis for Z.

PROOF. Since the sets C; (1 < i < t) are pairwise disjoint, {s;} is linearly independent.
Therefore, it remains to show that this set spans Z.
Let v =} .o aqa € CG. We have

re€Z — glzg=x forallgeq

= Zaag’ ag:Zocaa forallge G

aceG aceG
— Z Qgag-10 = Z aqa forall g e G
aeG aeG

= Qggg-1 =g foralla,ged.

In other words, «x is in Z if and only if the function a — «, is constant on conjugacy classes
(i.e., is a class function). In particular, each s; is in Z so the span of {s;} is contained in
Z. On the other hand, suppose x € Z. Then for each 1 < i < t, we get a well-defined
complex number §; by setting 8; = a. for any ¢ € C;. Then

x—Zaaa—ZZaCC—ZﬂzZC—Z@S“

aceG i=1 ceC; = ceC;

so that {s;} spans Z, as desired. [

Remark. The proof of 22.2 shows that {e;|1 < i < t} is a basis of Z. This, together
with 22.3 provides another proof of 10.3.
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23 Some Algebraic Number Theory

We need some standard results from algebraic number theory in order to utilize some of
the more subtle properties of characters.

The first result is a statement about Z-modules. Since “Z-module” is the same as
“abelian group,” it could be recast as a statement about abelian groups as well.

23.1  Any submodule of a finitely generated Z-module is finitely generated.

PRrROOF. Let A be a finitely generated Z-module and let H be a submodule of A. We
have A = (a1,...,an) = ), Za; for some a; € A. We proceed by induction on n. If n =1,
then A is cyclic, so that H is cyclic as well and hence finitely generated. Now assume
n > 1. Let

I={z1€Z|h=za+" -+ zpa, for some h € H and some 29, ...,z, € Z}.

Clearly I is an ideal of Z, so I = (z) for some z € Z. Since z € I, we have hy =
zay + zea9 + -+ + zpa, for some hg € H and some z2o,...,2, € Z. Let A; = Zi>1 Za;
and put H; = H N A;. By the induction hypothesis, H; = 221 Zh; for some m and
some h; € H. But then, H = Zhg + ..~ Zh,;. Indeed, if h € H, then we have h =
z1za1 + z2as + - - + zpay, for some z; € Z, so h — z1hg € Hy. Thus H equals (hg, ..., hy)
and is hence finitely generated. [J

Let R be a commutative ring with identity. An element « of R is integral over Z
if f(a) = 0 for some monic f € Z[x] (i.e., for some f € Z[z]| of the form f(z) = 2™ +
Zn 12" 2T+ 2).

Let S be a subring of R and let X be a subset of R. The subring of R generated by the set
SUX is denoted S[X]. We write Z[X] to mean (Z-1g)[X]. Suppose X = {a1,...,a,}. We
write S[aq, ..., a,] for S[X]. We have S[aq,...,an] = {g(aq,...,an)|g € S[z1,...,z,]}.
Indeed, the set on the right is contained in every subring of R containing SU{aq,...,a,}
and it is a subring of R since it is the image of the evaluation map S[z1,...,z,] — R
obtained by replacing the z; in a polynomial with the «;. Finally, it is an easy exercise to
show that S[aq,...,an] = Slaa, ..., an_1][an].

23.2 Let a« € R. The following are equivalent:

(1) « is integral over Z,
(2) Z[a] is finitely generated as Z-module,
(3) Zla] is contained in a finitely generated Z-submodule of R.
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PROOF. (1=-2) Assume « is integral over Z. We have f(«) = 0 for some monic f € Z[z]
of degree, say, n. We claim that Z[a] = (1,q,...,a" 1), Since Z[a] = {g(a) | g € Z[z]},
it is enough to show that a™ € (1, q,...,a™ 1) for each m > 0. We proceed by induction
on m. The case m < n — 1 is clear so assume m > n. We have

0=a™ "fla)=a™ " (@™ + 2,10+ -+ 210+ 2)

= o™ T Zn_lam—l IS Zlam—n—l—l + Zoam—n,

where f(x) = 2™ + 2z, 12" 4+ -+ + 2121 + 2. So

m 1 m—n+1

o =—z,_1a" — - — 2 nly

20" e (1,a,...,«

by the induction hypothesis.

(2=-1) Assume Z|o] is finitely generated as Z-module. Then Z[a] = (y1,...,ys) for
some y; € Z[a]. In turn, for each 1 < ¢ < s, we have y; = f;(«) for some f; € Z[z]. Choose
a positive integer n with n > deg f; for all i. Then o™ = ). z;y; = >, 2 fi(a) for some
z; € Z. Hence « is a zero of the monic polynomial 2™ — ). z; fi(z).

(2=3) This is trivial.

(3=-2) This follows directly from 23.1. [

Set O(R) = {a € R |« is integral over Z}.

23.3 O(R) is a subring of R.

PRrOOF. Clearly 0 € O(R). Let o, € O(R). By 23.2, Z|«a] and Z[f] are both finitely
generated Z-modules, say Z[a] = (a1,...,q,) and Z[B] = (81, ..., Bs). Then

Z[o, ] = Z]e][p] = (Z Zai> 6] = Zz[ﬂ]ai = Zzﬁjai,

so that Z[«, f] is a finitely generated Z-module. The subrings Z[« + 5], Z[—a], and Z]af)]
are contained in Z[a, 8], so 23.2(1<3) implies that a + 3, —a, and af are in O(R). This
shows that O(R) is a subring of R, as desired. [

Put O = O(C). The elements of O are called algebraic integers.

23.4 We have ONQ =Z.
PrOOF. It is clear that O N Q contains the set Z. Now let a € O N Q. Then we can

write « = p/q with p and ¢ relatively prime integers, and with ¢ positive. Since a € O, we
have f(a) =0 for some f(z) = 2" + 2z, 12" 1 + -+ + 212 + 29 € Z[z]. Hence,
P" A+ 201" T g+ 2" T -+ 2ipg T 4 20¢™ = 0.

This shows that any prime divisor of ¢ must also be a divisor of p. But p and ¢ are
relatively prime, so it follows that ¢ = 1, whence « =p € Z. 0O

Remark. The elements of O are often referred to as just “integers.” The elements of Z
are then called “rational integers,” the terminology being justified by 23.4.
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24 Character Degrees and the Group Order

The results from algebraic number theory obtained in the last section will be applied here
to show that the degree of any irreducible character of G divides the order of G.
Recall that O = O(C) denotes the ring of (algebraic) integers.

24.1 If x is a character of G, then x(a) is an element of O for each a € G.

PrOOF. First note that each root of unity lies in O as it is a zero of the monic polynomial
2™ — 1 for some n. If x is a character of GG, then for each a € G, x(a) is a sum of roots of
unity, by 8.5(2), and hence lies in 0. O

As earlier, we use Z to denote the center of the group algebra CG, we let x1,...,x: be
the distinct irreducible characters of G, and we put n; = x;(e) (1 <i <1).

24.2 Letx =) ,.qaqa € Z and assume ag € O for each a. Then x € O(Z). In
particular, n% Y uaXila) € O foreach 1 <i <t

PROOF. For each 1 < i <t, 22.2 gives w;(z) = - 3°_ aqx;(a). Therefore, since a ring
homomorphism preserves integral elements, the second statement follows from the first.

By 22.3, x is a linear combination of class sums: x = 2221 Bisi, where s; = 3 o c.
Since the conjugacy classes are mutually disjoint, linear independence of the group elements
allows us to conclude that for each i, 8; = a. for every ¢ € C;. In particular, each 3; is
in O. Recall that we view C as a subring of CG by identifying o <> ae. With this
identification we clearly have O C O(Z) so that each §; is in O(Z). Therefore, in order to
establish our claim that x is in O(Z) it is enough, by the closure properties of the subring
O(Z), to show that each s; is in O(Z).

Fix 1 < j,k < t. As sjs; is in Z, 22.3 gives sjsi = >, 15 for some v, € C. On
the other hand, s;s;, is clearly a Z-linear combination of group elements. Using the linear
independence of the group elements and arguing as above, we find that each ; is in Z.

The preceding paragraph shows that ) j Zs; is a subring of Z. Since this subring is
finitely generated as Z-module and since it contains each Z[s;], we have from 23.2(3=-1)
that s; is in O(Z) for each ¢. This completes the proof. [

24.3 The degree of any irreducible character of G divides the order of G.
Proor. Fix 1 <7 <t and let

=Y wlaha= Y w@e.

a€G a€G
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Since ; is a class function (8.5(4)), we have x € Z by 22.3 (or its proof). Also, x;(a™!) € O
for each a € G by 24.1. Therefore, using the orthogonality relation 9.4 and then 24.2 and
23.4 in succession, we obtain

Gl _ 1 (=1 B
ni ni(;gxz(a )xi(a) €ONQ=Z.

(We have to look back to the fraction |G|/n; to see why the second member lies in Q as
well.) Therefore, n; divides |G|, as desired. [
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25 Burnside’s Theorem on Solvability

The group G is solvable if all its composition factors are abelian (so called for the connec-
tion with solvability by radicals of polynomials via Galois Theory). Burnside’s Theorem
states that if the order of G is divisible by at most two prime numbers, then G is solv-
able. The original proof, which we present here, uses character theory. Fairly recently a
character-free proof has been found, but the original proof is much shorter. We begin by
reviewing some results from basic algebra.

If « € C, then Q(«) denotes the subfield of C generated by Q U a.

25.1 Leta€ O and let fo € Q[z] be a monic polynomial of minimal degree such that
fa(a) =0.

(1) If g € Q[z] and g(a) = 0, then f, divides g. In particular, f, is the unique
irreducible monic polynomial in Q[x] for which f,(a) = 0.

(2) We have fo(x) = [[,(z — oy) with a1(= a), ..., q, distinct elements of O. In
particular, N(«) :=[], a; is an integer and N (o) # 0 if o # 0.

(3) For each 1 < i < mn, there exists a field isomorphism o; : Q(a) — Q(«;) such that
oi(a) = q;.

Remark. f, is called the minimal polynomial of o and N(«) is called the norm of
a.

PrOOF. (1) First, since ais in O, it is a zero of a monic polynomial in Z[x] C Q[z], so f,
is defined. Let g € Q[z] and assume that g(«) = 0. By the division algorithm, there exist
q,r € Q[z] with degr < deg f, such that g = qf, +r. Hence r(a) = g(a) —q¢(a) fo(a) = 0.
If r # 0, then we can divide r by its leading coefficient to get a monic polynomial of degree
less than the degree of f, having «a as a zero, a contradiction. So r = 0 and g = ¢f,.
Therefore, f,|g.

Suppose f, has a factorization f, = gh with deg g, degh < deg f,. We have g(a)h(a) =
fa(a) = 0so that g(a) = 0 or h(«) = 0. In either case, we get a contradiction to the choice
of f, (after dividing by leading coefficients to make the polynomials monic if necessary).
Therefore, f, is irreducible.

Let g € Q[z] be an irreducible monic polynomial such that g(a) = 0. By the first
statement, f, divides g and, since g is irreducible, we have g = 3 f, for some g € Q. But
g and f, are monic, so § =1 and g = f,. This proves the uniqueness statement.

(2) Since C is algebraically closed, fo(z) = [[,(z — ;) for some o; € C. Now f(a) =0
for some monic f € Z[z] and part (1) implies f,|f. Since fo(a;) = 0 we also have
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f(a;) =0, so each «; is in O.

Suppose the a; are not all distinct, so that f,(z) = (z —a;)?g(z) for some g € C[x] and
some i. Then f! (z) = (z — a;)?¢'(z) +2(x — a;)g(x) implying f/ (c;) = 0. Now fo (o) =0
so part (1) gives fo, = fa, implying deg f/, < deg f, = deg f,, contrary to the definition
of f,,. Hence ay,...,a, are distinct.

Note that fo(z) = [[;,(x — ;) = 2™ +--- £ N(«), so N(a) € Q. But also, N(a) € O
since each a; € O and O is a subring of C. Hence N(«a) € QN O = Z by 23.4.

Finally, assume N(a) = 0. Then a; = 0 for some i so that f,(z) = fa,(z) = x giving
a= fo(a) =0.

(3) By evaluating polynomials at «; we obtain a ring epimorphism Q[z] — Qlay].
The kernel of this map is (f,,) which is maximal since f,, is irreducible. Therefore,
Qlas] = Q[z]/(fa,) is a field. In particular, Q[a;] = Q(a;). Now fo, = fa, so we get
isomorphisms Q(a) — Q[z]/(fo) = Q(«;) the composition of which sends a to ;. O

Next, we record a fact about roots of unity.

25.2 Let wy,ws,...,w, € C be roots of unity. We have |wy + wa + -+ + wy| < n with
equality if and only if w1 = wy = -+ = wy,.

PROOF. An elementary result from complex analysis states that if o and § are complex
numbers, then |a+ 3] < |a|+|8| (“triangle inequality”) with equality if and only if 8 = ra
for some r > 0. We now prove the claim by induction on n. The case n = 1 is trivial.
Assume n > 1. By the triangle inequality and then the induction hypothesis, we have
lwi + - Fwn| < |wr+ - Fwno1] F |lwn] < (n—1)+ 1 = n. Suppose we have equality:
lwr + - +wp| = n. Then |w; + -+ 4+ wp—1] = n — 1 so the induction hypothesis gives
w1 =wy ="+ =wyp_1. Also, the equality |w; + -+ +wy,| = w1+ - +wp—1] + |wn| implies
wp =7(w1 + - +wp—1) =r(n —1)w; for some r > 0. Taking moduli gives r(n — 1) =1
so that w,, = w;. The converse is obvious. [

In the proof of the next lemma we will need some results from linear algebra. Let
A € Mat,(C). Recall that fa(x) = det(xI — A) is the characteristic polynomial of
A. The Cayley-Hamilton theorem states that fa(A) = 0 if we view f4 € (Mat,,(C))[x| by
identifying « € C with al. Let m4 € C[x] be the monic polynomial of least degree for
which m4(A) = 0. Using arguments similar to those in the proof of 25.1 we find that m 4
is uniquely determined and if g(A) = 0 for some g € C[z], then m4|g. (However, my is
not irreducible, in general.) m 4 is called the minimum polynomial of A.

25.3 Let R: G — GL,(C) be a matrix representation affording the character x and
let a € G. Then |x(a)| < n with equality if and only if R(a) € C* - I.

PrROOF. Set A = R(a). The eigenvalues wy,ws,...,w, of A are roots of unity and
x(a) =), wi, so 25.2 gives |x(a)| < n.

For the second part, the implication (<) is clear, so assume |x(a)| = n. Then w; =
we = -+ = w, =: w using 25.2 again. Hence, fa(z) = (x —w)™. By the Cayley-Hamilton

theorem, f4(A) = 0. But also, g(A) = 0 where g(z) = z!¢l — 1, so ma|fa and malg.
Since g has no multiple zeros, neither does m 4, whence m 4 = x — w. Therefore, A —wl =

ma(A)=0and A=wleC*-1. O
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25.4 (BURNSIDE’S THEOREM)  If |G| = p®qY with p and q prime, then G is solvable.

PROOF. Suppose the theorem is false and assume G is a counterexample of minimal
order.

Step 1: G is simple and nonabelian, and x,y > 0.

Let H be a normal subgroup of G with H # {e}. By Lagrange’s Theorem, both H
and G/H have order of the form p"¢®. Suppose H # G. Then |H|,|G/H| < |G| so by
the choice of G, H and G/H are both solvable. But a composition series for H can be
completed to a composition series for G by using the correspondence theorem to draw
back a composition series for G/H to G. This implies that G is solvable, a contradiction.
Whence, H = GG and G is simple.

Since any abelian group is solvable, G is nonabelian. Finally, assume that y = 0.
Then G is a p-group. By Sylow’s theorem, GG possesses a subnormal series with successive
quotients isomorphic to Z,, implying that G is solvable. This contradiction implies that
y > 0. Similarly, > 0.

Step 2: G contains a conjugacy class of order g for some d > 0.

Let P be a Sylow p-subgroup of G, so |P| = p® > 1 by Step 1. Since the center of
a nontrivial finite p-group is nontrivial, there exists e # a € Z(P). Let a denote the
conjugacy class of a so that |a| = [G : Cg(a)], where Cg(a) = {g € G|ga = ag}. Now
Cg(a) D P and Cg(a) # G (for otherwise a € Z(G) so that {e} # Z(G) <G contradicting
simplicity of G if Z(G) is proper or the fact that G is nonabelian if Z(G) = G)). We have
p*q¥ = |G| = [G : Cg(a)]|Cq(a)| and since p” | |Ce(a)| and [G : Cg(a)] # 1, the result
follows.

Step 3: Let C; be a conjugacy class of order ¢* (d # 0) as in Step 2. Then x;(C;) # 0 for
some j > 1 such that q tn;.

By an orthogonality relation (11.1), we have
0="> x;(Cix;(C1) =1+ nx;(Cy).
J J>1

Therefore, if the statement is not true, we have 1 € ¢O, whence, ¢-' € ONQ = Z, a
contradiction.

Step 4: x;(C;)/n; € O.

First, putting = = s; = Y ., ¢ in 24.2, we get |Cy|x;(Ci)/n; € O. Now, |C;| = ¢% and
q 1 mnj, so there exist integers r and s such that r|C;| + sn; = 1. Hence,

x;(Ci)/nj = r|Csx;(Cs) /nj + sx;(C;) € O.

Step 5: |x;(Cy)] = n;.
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Set 5 = x;(C;). By 25.3, || < nj. Assume |3]| < n;. Then |a| < 1, where o = §/n;. By
Step 4, a € O, so 25.1 applies. In the notation of that result, we have for each 1 <1 < n,
a; = oy(a) = 0y(B/nj) = o1(B)/nj. Now f is a sum of n; roots of unity not all of which
are equal (since |3| < n;) so the same is true of o;(83) since o; is a field isomorphism.
Therefore, || = |o7(B8)|/n; < 1. Hence, [N(a)] = | ], au| < 1. But 0 # N(«) € Z, so this
is a contradiction. Thus, |3 = n;, as desired.

Now we can complete the proof of the theorem. Let R be a matrix representation
affording x; and set H = R™!(C* - I)<G. By 25.3 and Step 5, H # {e} (in fact, H
contains C;). By simplicity of G, H = G, implying R(G) € C* - I. But since R is
irreducible, this implies n; = 1 (see Section 5), that is, x; is a character of degree 1 other
than the trivial character (j > 1). So G has at least two irreducible characters of degree
1. By Exercise 6, [G : G'] > 2. Now G’ <G, so this implies G’ = {e}, whence G is abelian,
contrary to Step 1. Therefore, the original assumption that there exists a counterexample
to the theorem is false. This completes the proof. [



