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5. Introduction to limit

5.1. Idea of limit

The main idea in calculus is that of finding a desired quantity by pushing to the limit the
process of taking ever better approximations (see 0 Introduction). In the implementation,
a real number x gives rise to an approximation f(x) and the process of taking ever better
approximations is the process of letting x get ever closer to a particular real number a (or
possibly ∞). The exact desired quantity is called “the limit of f(x) as x approaches a,”
and it is written limx→a f(x).

In terms of the graph, limx→a f(x) is the value L that the height of the graph approaches as
x gets closer to a without actually equaling a. The reason for the phrase “without actually
equaling a” is that, in general, the formula for the approximation f(x) will not make sense
when x equals a (due to a division by zero ordinarily). This is indicated on the graph by
a circle above a, which means that f(a) is undefined.
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5.2. Limits from graphs

Finding limits by looking at graphs is usually easy and this is how we begin. Eventually, we
will need to be able to find limits directly from expressions defining functions, but starting
with graphs is a good way to build intuition.

In order to find limx→a f(x) by looking at the graph of the function f , one looks at the
heights of the points on the graph corresponding to values of x that get successively closer
to a from either side. If those heights approach a particular value L, then limx→a f(x) = L.
Otherwise, limx→a f(x) does not exist.

Sometimes it happens that the heights approach one value as x gets close to a from the
left and a different value as x gets close to a from the right. When this happens, we still
say that limx→a f(x) does not exist. It is convenient to have notations for these “one-sided
limits”:

� lim
x→a−

f(x) is “the limit of f(x) as x approaches x from the left,”

� lim
x→a+

f(x) is “the limit of f(x) as x approaches x from the right.”

We can now restate the condition by saying that the “two-sided” limit limx→a f(x) exists
if and only if both of the one-sided limits exist and equal the same value L, in which case
limx→a f(x) = L.

5.2.1 Example Find the indicated limits by looking at the graph.
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(a) lim
x→3

f(x)

(b) lim
x→2

f(x)

(c) lim
x→1−

f(x)

(d) lim
x→1+

f(x)

(e) lim
x→1

f(x)

(f) lim
x→0

f(x)

Solution

(a) lim
x→3

f(x) = 2. (As x gets close to 3 from either side, the height of the graph ap-

proaches the value 2.)

(b) lim
x→2

f(x) = 1. (The height of the graph right at x = 2 is 3 (indicated by the dot), but

this does not enter in since we are letting x get close to 2 without actually equaling
2.)

(c) lim
x→1−

f(x) = 2. (As x gets close to 1 from the left, the height of the graph approaches

the value 2. It is easy to make a mistake here and read 1− as −1.)

(d) lim
x→1+

f(x) = 1. (The heights approach, in fact equal, 1 as x gets close to 1 from the

right.)
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(e) lim
x→1

f(x) does not exist. (The one-sided limits are not the same.)

(f) lim
x→0

f(x) = 0. (The heights approach 0 as x gets close to 0.)

5.2.2 Example Find limx→0+ sin(2π/x) by looking at the graph:

Solution As x approaches 0 from the right, the height of the graph oscillates back and forth
between−1 and 1 and does not approach any particular value. Therefore, limx→0+ sin(2π/x)
does not exist.

In the graph pictured below, as x gets closer to a from the left, the height of the graph
f(x) ever increases. This is indicated by writing limx→a− f(x) = ∞. Since a particular
value for the height is not approached, the limit does not exist; however, by writing ∞ we
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can still provide some information about the behavior of the function as a is approached
from the left.

5.2.3 Example Find the indicated limits by looking at the graph.

(a) lim
x→0+

f(x)

(b) lim
x→0−

f(x)

(c) lim
x→0

f(x)

(d) lim
x→2

f(x)
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Solution

(a) lim
x→0+

f(x) = −∞. (As x gets close to 0 from the right, the height of the graph ever

decreases.)

(b) lim
x→0−

f(x) = ∞. (As x gets close to 0 from the left, the height of the graph ever

increases.)

(c) lim
x→0

f(x) does not exist. (Since the one-sided limits are not the same, the two-sided

limit does not exist (and we make no attempt to provide further information).)

(d) lim
x→2

f(x) =∞.

5.3. Slope of tangent line

The intuitive notion of a limit given above is enough to allow for a simple example to show
the idea behind calculus.

5.3.1 Example Find the slope of the line tangent to the graph of g(x) = x2 at the
point (1, 1).

Solution In order to use the formula for slope given in 1.1 we need two points. Certainly
P (1, 1) is one point on the tangent line, but there is no obvious way to come up with a
second point. However, the line PQ, called a secant line, is not far from being the tangent
line, and we can find its slope by using the two points P (1, 1) and Q(x, x2).
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Calling this slope f(x), our formula gives

f(x) =
x2 − 1

x− 1
.

This is an approximation to the desired quantity, namely, the slope of the tangent line, and
this approximation gets better as x gets closer to 1, so we have

Slope of tangent = lim
x→1

f(x).

Now, f(x) is undefined at x = 1 (due to the 0 it produces in the denominator), but for any
other x, we have f(x) = x + 1. (Reason: If x 6= 1, then we can factor the numerator and
cancel x − 1 with the denominator; this cancelation is really multiplication of numerator
and denominator by the reciprocal of x− 1, so it is a valid step if x 6= 1 since x− 1 6= 0 in
this case.) The graph of f is a line with a hole where x = 1:

Textbook/contents.aspx
default.aspx


Introduction to limit

Idea of limit

Limits from graphs

Slope of tangent line

Table of Contents

JJ II

J I

Page 8 of 10

Back

Print Version

Home Page

From the graph, we see that limx→1 f(x) = 2. We conclude that the tangent line has slope
2.

There are two things to note about this example:

� It was not carefully stated what was meant by the line tangent to the curve at (1, 1).
If this tangent line is defined to be the line through (1, 1) with slope limx→1 f(x)
(notation as in the solution), then this rigorous definition agrees with our intuition
that the tangent line should be the line that best fits the curve at the point (1, 1).

� In order to find the slope of the line tangent to the graph of g at the point (1, 1), we
ended up looking at the graph of the secant slope function f . Here is the connection:
For a given value x, the height of the graph of f above x is the slope of the secant
line PQ, where Q is (x, x2). For example, the height of the graph of f above x = 2
is 3, and this is the slope of the secant line with Q equal to (2, 4).
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5 – Exercises

5 – 1 Find the following limits by looking at the graph. If a limit does not exist, explain why.

(a) lim
x→3

f(x)

(b) lim
x→2

f(x)

(c) lim
x→0

f(x)

(d) lim
x→1−

f(x)

(e) lim
x→−2+

f(x)
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5 – 2 Find the following limits by looking at the graph. If a limit does not exist, explain why
(and indicate that the limit is ∞ or −∞ if this is the case).

(a) lim
x→1−

f(x)

(b) lim
x→3

f(x)

(c) lim
x→0

f(x)

(d) lim
x→−1

f(x)

(e) lim
x→1

f(x)

5 – 3 Use the method of 5.3.1 to find the slope of the line tangent to the graph of g(x) =
−x2 + 2x− 1 at the point (2,−1).
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